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This book is an up-to-date review of work on gravitational 
waves in general relativity. Its central theme is the exposi
tion of rigorous approaches to the problem, principally the 
definitions and criteria for distinguishing wavelike gravita
tional fields from other solutions of Einstein's equations. 
The introductory chapter (Chapter 1) contains a review of 
approximation methods. The mathematical apparatus 
required for setting up the problem of rigorous (generally 
covariant) wave criteria- Cauchy's problem for gravitation
al equations and the Petrov classification of gravitational 
fields- is given in Chapters 2 and 3. Chapters 4-8 describe 
the well-known generally covariant criteria for gravitational 
waves of Pirani, Bell, Lichnerowicz, Zel 'manov et al. Relat
ed to these is Chapter 12, which is devoted to the chrono
metrically invariant analysis of gravitational-inertial waves. 
Chapter 9 deals with the theory of propagation of gravita
tional waves and their classification according to the nature 
of the wave front (plane and spherical waves). Chapter 10 
discusses the special case of spaces with plane gravitational 
waves, more specifically spaces that admit of an absolutely 
parallel vector field. Chapter 11 reviews work on the asymp
totic behavior of wavelike gravitational fields generated by 
insular distributions of sources, while the last chapter gives 
a brief review of the problem of experimental detection of 
gravitational waves and of the basic results arrived at exper
imentally to date. 
Bibliography comprising 465 entries. 



FOREWORD 

The modern theory of gravitation- Einstein's general theory of 
relativity -has received practically no experimental confirmation 
outside of the amazingly accurate predictions about the advance of 
the perihelion of Mercury and the deflection of light rays in the 
Sun's gravitational field, Moreover, in the course of its develop
ment the theory itself has generated a whole series bf fundamental 
problems. The latter include the problem of gravitational energy, 
related problems of gravitational waves and quantization of gravita
tion, and a number of other unsolved ones. 

This situation is due first and foremost to the absence of the 
basis required for the construction of a theory representing reality, 
i.e., absence of experiments which can be duplicated and which admit 
of variation of the parameters. Experiments have been inhibited 
chiefly by the state of the experimental technology. Recently, how
ever, a concrete program of experiments on the detection of gravi
tational waves has emerged in the works of Weber, Schiff, Bra
ginskii and others. These investigations are certain to be followed 
by further experimental work, and the theory of gravitation is sure 
to acquire a more secure experimental base. 

Whenever a branch of science, although definitely relevant today, 
lacks a sufficiently solid experimental foundation, elements of 
formal theorizing begin to creep into its development. To some 
extent at least, the modern theory of gravitation is no exception: 
suffice it to mention the many variants of a "unified theory," by 
no means all of which will withstand the test of time, 

Of all the unsolved problems relating to gravitation, that of 
gravitational waves has attracted the most attention among physicists, 
theoretical and experimental. This is because it is closely related 
to other unsolved problems in this field (the energy problem, the 
problem of the construction of a quantum gravidynamics, and so on), 
and its solution on the theoretical and experimental planes would be 
a stimulus to the study of many other problems of gravitation, 

A vast corpus of work has been devoted to gravitational waves, 
including both large monographs and isolated articles dealing with 
theoretical approaches to the problem. Authors differ in their 
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approaches: one can find the approximate approach, based on analogy 
with Einstein's method; definitions based on geometric or physical 
considerations; or lastly theories based on the analogy with electro
magnetic theory. 

To construct a theory of gravitational waves it is necessary, of 
course, to start from some definition, Yet in Einstein's theory of 
gravitation, two fundamental difficulties arise at precisely this 
point. The first is that the geometrical object which determines 
the energy and momentum of the field is not tensorial in character, 
and the second is that the field of gravitation itself becomes iden
tical with the space-time continuum, complicating the problem very 
considerably. One might mention that there exists at present no 
physical theory (discounting "unified theories") in which such a 
situation prevails, 

As we saw, the number of approaches to gravitational waves is 
very large, and the first concern of the present author, V. D. Zakha
rov, has been to arrange them according to some basic principle. 
Having chosen the definition of the concept of gravitational waves as 
guiding principle, the author arrives at seven groups of theories. 
Of course, these groups are not very clearly demarcated, but at 
any rate the author has succeeded in putting some sort of order in 
the truly enormous material and making it more susceptible of 
review. 

The significance of the various theories considered in this book 
is worth discussing at some little length. It is evident that until 
experiments have yielded decisive results, no criterion can be 
given by which to estimate the adequacy of any given theory; many 
of the approaches described by the author will eventually seem to 
be of historical interest alone if one considers them on the whole 
as closed theories of gravitational radiation. Still, each one 
of them contains something of objective value -be it a construe
tive invention, a fine point of physics, a true physical idea, a 
mathematical device or something else. And although some of the 
approaches analyzed by the author are likely to fail the test of time, 
many elements which enter into their makeup will remain in the 
final theory, proving useful and necessary, 

Thus at present writing gravitation research is still at a stage 
where one must speak of a theory in the making, rather than of a 
completed theory, Partly for this reason the book has the following 
structure: analysis, interpretation, arrangement of the vast 
theoretical material now available; the author's own results; and, 
to a lesser extent, comparison with new experimental ·studies. 
This particular structure is easily explained in the light of the 
present situation in gravitation. In addition, of course, the book's 
contents depend on the personal views of its author. As the author 
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points out i"n his introduction, the stress here is on works which 
give a rigorous invariant definition of the concept of gravitational 
waves, in the sense of necessary and sufficient conditions imposed 
upon the quantities characterizing the space-time manifold, in 
order that it describe a wavelike gravitational field. Other 
possible approaches to the problem are described in less detail. 
This appears to be a feature of all authors. 

And yet surely there is one very important rule which authors 
writing on any physical problem must obey: relate theory to experi
ment (and observation). Zakharov seeks to adhere to thiB rule, 
and a special chapter has been devoted to the experimental aspects 
of the problem. The trouble is that for the I>resent there exist 
very few such comparisons with experiment (disregarding classical 
astronomical observations and first attempts at detection of gravi
tational waves by Weber, Braginskii and a few others). 

Five to seven years from now, many of the theories considered 
in this book will have been sifted out by the experimental sieve, to 
lie upon the shelves of history. But nothing of value in them will 
go to waste; rather, it will become incorporated organically in the 
fabric of the future theory of gravitation. Here Zakharov' s mono
graph will play a useful part. On the other hand, for this very 
reason, as well as because of the large number of works involved, 
the author was physically unable to devote space to detailed 
analysis of any given author. Basically his plan is as follows: 
set forth clearly the principal premises of the theory; indicate the 
basic conclusions which follow from these premises; sketch in the 
contours of the theory on the basis of the foregoing. Occasionally 
the theory is linked to other theories, equivalences between 
theories, if any, are established. A more detailed exposition would 
have meant enlarging the book by a factor of four or more, a size 
hardly conducive to legibility and possibly defeating the author's 
principal objective -to give the fullest possible review of the 
present state of the problem of gravitational waves. As to the 
author's own studies, they have been described objectively, and 
inserted in their proper place, on equal terms with other 
approaches, and connections with the work of other authors 
(mainly Zel'manov's theory) have been indicated, 

A theory of gravitational waves within the framework of 
Einstein's theory of gravitation -speaking now of the fundamental 
difficulties encountered in constructing the theory - involves 
answering at least three questions (which entrain, incidentally, 
other questions as well): a) if one attempts to introduce integral 
invariants based on the ordinary theorem of Ostrogradskii 
[Gauss J, the gravitational field energy is expressed not in terms 
of tensors (which would have been expected) but in terms of 
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geometric objects which can be made to vanish in a chosen coordi
nate system; b) when one defines the field energy in terms of 
tensor quantities and equates the field and the space-time continu
um according to Einstein, it becomes necessary to disentangle the 
concept of "energy of space and time"; if one discards the concept 
of energy and momentum of the gravitational field (a standpoint 
also to be found), any analogy with other fields must be deleted in 
advance; c) since the concept of a privileged coordinate system 
does not occur in the general theory of relativity, difficult problems 
of coordinate interpretation arise in concrete cases. These and 
other problems Zakharov presents acutely enough to his readers, 
affording them a purely constructive grasp of the principal diffi
culties in present-day theory of gravitation. Certain authors of 
popular publications either skirt the problem or simply fail to 
understand it, painting an optimistic picture in which the general 
theory of relativity is made to appear complete and capable of 
answering all questions put before it. 

Today one of the oldest branches of physics -the science of 
gravity- is undergoing a period of reevaluation based on contem
porary experimental research, and one may assume that the theory 
of gravitation will be presented very soon with more substantial 
data. In particular the latter would be of use in studying the very 
interesting phenomenon of gravitational waves -if these exist. It 
would then be possible to reevaluate the hypotheses discussed in 
Zakharov' s monograph, picking out such elements as have been 
confirmed experimentally. 

Is it possible, from the material given by the author and, in 
general, from the present situation, to arrive at a preference for 
a particular theory of gravitational radiation? The author of this 
foreword believes, from data known to him, that this cannot be 
done at present. Experimental proof is lacking; a more funda
mental base is needed, and the theories under consideration are 
heuristic in nature. Strictly speaking - so the author of the fore
word believes - none of the structures considered in the book will 
merit the name of theory, in the strict sense of the word, until it 
has been verified experimentally and has led to experimentally 
detectable consequences, that is until it has "begun to function" 
within this plan. 

Furthermore, new theoretical constructions introduced as the 
monograph was being sent to press (e. g., based on the principle of 
modelling of gravitational fields) have not been included. This 
unavoidable occurrence does not detract from the overall value of 
the book and the overall good marks which it deserves. 

Mention should be made of the truly tremendous bibliographical 
task accomplished by the author, which required considerable 
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knowledge of modern physics and of the mathematical apparatus. 
The bibliography (about 450 items) is of exceptibfial value thanks to 
the thematically well thought out selection and it iS a great time
saver for the reader who would otherwise drown in the sea 
of information. With the possible exception of the iast two years, 
it reflects practically all major work on gravitational Waves. 

In evaluating Zakharov' s monograph it should also be recalled 
that it is of immediate relevance today. Of this the author is well 
aware, and he unfolds a sweeping and varied view of the researches 
of many different theoreticians (Soviet scientists being well repre
sented) while deriving his book from the rigid frameworkS of text
books now largely outdated as regards presentation of problems 
and especially as regards physical data. Today, with the flow of 
information threatening to engulf the reader, the need for such 
books, for review works on particular problems, is especially 
acute. Although not entirely free from flaws (somewhat Schematic 
exposition, subjectivity in the evaluation of certain hypotheses, and 
so on), Zakharov' s monograph has the unquestionable merit of being 
the first attempt in the literature to sketch a sweeping picture of 
the various theoretical constructions related to the problem of 
gravitational waves. There is at present no work of this type deal
ing with gravitational waves, despite the obvious need for one. 
For this reason there is no doubt whatsoever that Zakharov's 
monograph will be swift to find readers. 

A. Z.Petrov 
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AUTHOR'S PREFACE 

In the present state of the problem of gravitational waves it is 
impossible to present a mathematical exposition of the theory (in 
practice, as yet unconstructed) of gravitational waves, or of 
laboratory methods for their detection. The material at the 
author's disposal consists of disconnected ideas and approaches, 
rigorous or approximate in varying degrees. Any review of these 
must of necessity be fragmentary to some extent, the more so as 
many have not been developed fully enough, despite the extensive 
literature in the journals. 

This being the situation, with subjective under- or over-evalua
tion of a given result not being ruled out, the author has decided to 
concentrate on concepts admitting of mathematically rigorous 
exposition. This has led to a definite selection of themes and a 
definite emphasis. More specifically, the central theme of the book 
is the problem of the generally covariant formulation of a criterion 
for gravitational waves, resting upon mathematically rigorous 
methods for solving Cauchy's problem for Einstein's equations of 
gravitation. Cauchy's problem and the principal results of the 
theory of characteristics for Einstein's equations are given in 
Chapter 2. 

In Chapter 3 the statement of the problem of gravitational waves 
is formulated and two main methods of describing them -the one 
algebraic and the other differential -are presented. Necessary 
information from the basic mathematical apparatus used in the 
theory of gravitational waves - Petrov' s algebraic classification of 
gravitational fields -is also given here. Both these chapters are 
introductory with reference to Chapters 4 -8, which are devoted to 
algebraic methods of invariant description of gravitational waves. 
Chapter 12 and parts of Chapters 7 and 8 are devoted to differential 
methods. 

The second most important theme of the book consists of prob
lems of propagation of gravitational wave fronts, as well as of an 
investigation into the asymptotic properties of fields of gravitational 
emission whose sources are isolated material systems (Chapters 9 
and 11). 
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Finally, exact and approximate soiutions of Einstein's 
equations describing gravitational waves are analyzed throughout 
the book (except for Chapters 2 and 3), solutions describing plane 
gravitational waves being specially examined in Chapter 10. 

These three themes constitute the main outline of the book and 
have determined its overall aim: to serve as a "working review," 
singling out the most complete and, in the author's estimate, most 
promising approaches to the study of gravitational waves. In this 
context mention should be made of two other themes discussed in 
the book: approximate methods of investigation of wavelike gravita
tional fields (their review is the subject of the introductory chapter), 
and analysis of methods and prospects in the experimental detection 
of gravitational waves; the latter plays the part of physical conclu
sion to the book as a whole (final chapter- Ch. 13). 

This particular orientation of the book also determined the treat
ment of the problem of the energy transmitted by gravitational 
waves. Since at this point the problem of the theory of gravitational 
waves intersects another no less complex problem -that of the 
energy of the gravitational field -it is also the focus about which 
are grouped the fundamental difficulties encountered in the modern 
theory of gravitation. 

The author's personal opinions have obviously played some role 
in the selection or in the elucidation of material. The reader may 
discern a tendency on the author's part to reduce a rapidly evolving 
branch of science to a dead mathematical skeleton, the result of 
the vivisection of a living, evolving organism. Here the author may 
be exposing himself to sneering remarks, in the spirit of Goethe's 
Mephistopheles: 

Wer will was Lebendigs erkennen und beschreiben, 
Sucht erst den Geist herauszutreiben, 
Dann hat er die Teile in seiner Hand, 
Fehlt Ieider! nur das geistige Band. 

However, the author did not set himself the lofty aim of ade
quately depicting "the splendid colors of living nature," mindful as 
he is of the fact that the "tree of knowledge" is not the "tree of life." 
Without a "mathematical skeleton" there can be no theory; this is 
why the question of the interaction of gravitational waves and the 
atomic structure of matter, in particular, have been regorously 
excluded from the book. A satisfactory solution of this problem 
will only be achieved, it seems, providing there is substantial 
generalization or extension of Einstein's theory to the phenomena of 
the microuniverse. The creation of such a "quantum theory of 
gravitation" will be the concern of the future; in our book the 
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problem of gravitational waves is considered exclusively on the 
basis of the classical Einsteinian theory of gravitation. 

It is the author's hope that the publication of this book will to 
some extent make up for a severe deficiency in the systematic 
reviews on gravitational waves, a deficiency which is acutely felt 
today inspite of the fact that the reader has at his disposal many 
outstanding monographs dealing more or less with the same 
material as the present book. Thus in Weber's "General Relativity 
and Gravitational Waves" the problem of gravitational waves is 
examined only insofar as needed by the author for possible labora
tory methods of detection; moreover, the book's publication (1961) 
dates back to a period when most modern lines of investigation had 
not yet been defined. Braginskii' s recently published thorough 
monograph, "Fizicheskie eksperimenty s probnymi telami" 
(Physical Experiments with Test Bodies) deals with the problem at 
an up-to-date level but is limited to the experimental approach to 
gravitational fields. Other reviews (lectures by Pirani and Sachs, 
Petrov' s review and so on) are either of necessity very brief, or 
devoted exclusively to the research of the authors themselves. 

The book assumes previous acquaintance with the foundations of 
the general theory of relativity and is intended mainly for students 
at higher levels and candidates for a degree, as well as for all 
specialists in gravitation to whom it may be of use as a reference 
manual. For this reason the author has sought to provide as com
plete a bibliography as possible, without claiming, of course, to 
list all works on gravitational waves. Well aware of the risks he 
assumed when he took upon himself to write a broad monographic 
review of so vigorously evolving a problem as that of gravitational 
waves, the author apologizes in advance to those colleagues whose 
works might have significantly enriched the book but escaped the 
author's attention. 

The author is grateful to reviewers A. Z. Petrov, 
I. D. Novikov and N. V. Mitskevich and editor V. N. Zakharov for 
reading the manuscript, as well as to Ya. B. Zel'dovich, 
K. P. Stanyukovich, K. S. Thorne, V. B. BraginskiiandA. L. Zel'manov 
all of whom contributed in some form to the book's publication. 
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INTRODUCTION 

The problem of describing gravitational waves theoretically, 
which is intimately related to problems arising in their experi
mental study, has become one of the most pressing and interesting 
problems not just of gravitation but of modern physics in general. 
Emerging almost simultaneously with Einstein's theory of gravita
tion (the first analysis of the problem was carried out by Einstein 
himself in 1916- 1918), it has so far defied fully satisfactory 
solution. 

In the last ten to fifteen years (roughly since 1957), interest in 
this problem has increased considerably owing to the creation of a 
powerful new mathematical apparatus. This is the Petrov classi
fication of gravitational fields, which has initiated many new 
theoretical approaches. On the other hand, recent advances in the 
experimental field and in particular Weber's experiments hold out 
prospects of laboratory detection of gravitational waves. 

Heightened interest in the question of gravitational waves has led 
to numerous publications in the journals; these now number in the 
hundreds. Such works may be divided into several groups reflect
ing different lines of research. 

The first group of works seeks to give a rigorous definition of the 
the concept of gravitational waves, i.e., to formulate, in generally 
covariant form, the necessary and sufficient conditions which the 
space-time metric must satisfy in order to describe a wavelike 
gravitational field. To this group belong the works of Pirani /69, 
262, 263/, Lichnerowicz /62, 87-90, 264/, Bel /56, 68, 75-80/, 
Debever/66, 81,109,265-268/, Trautman/55, 269,270/, 
Petrov /271/, Ehlers and Sachs /185, 272-274/, Hely /111-117/, 
Roy and Radhakrishna /96/, Zakharov /94, 100, 101, 275, 276/, 
Staruszkiewicz /277/, Parizet /278/, Zund and Levine /118-120/, 
Misra and Singh /127, 128/, Maldybaeva /121, 123, 279/, Sokolik 
and Konopleva /92, 93, 124/, Aichelburg /280/, Lukacevic /281/, 
Coburn /282/, Yadav /283/ and Nikolaenko /126/. 

The above workers treat the definition of gravitational waves in 
its purely geometric aspect, on the basis of the albegraic properties 
of gravitational fields as defined in Petrov' s classification /57, 64, 65/. 
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In the second group of works the authors start from a chosen 
definition of the energy of the gravitational field and proceed to 
define gravitational waves. These works, in contrast with the 
geometrical works of the first group, are physical in approach, and 
include the researches oflnfeld /8, 284-287/, Synge /83/, Peres 
and Rosen /288-290/, Arnowitt, Deser and Misner /291-293/, 
Geissler, Treder and Papapetrou /294/, Araki /295/, Brill /296/, 
Moller /297-299/, Gutman /300-302/, Shirokov and Bud'ko 
/303-305/, Petrov /306/, Wu T'han Khiet /307/, Denisov /308/, 
Signore /309-311/, Isaakson /38/, Rodichev and Dozmorov /312-
314/, Zakharov /315-316/. It should be mentioned that certain 
authors (e. g., Synge, Wu T'han Khiet, M~~Jller (1961), Rodichev 
and Dozmorov, Denison, Gutman, Isaacson) employ a generally 
covariant (or tetrad) definition of the gravitational field energy. 
In this respect (covariance of the criterion) their approach may 
equally well be classed with the first. A traditional "pseudoten
sorial" approach was used by Peres, Rosen, M!lfller (1958) et al. 
Lastly, Araki, Brill, Geissler, TrederandPapapetroudeterminethe 
energy of the gravitational field in a specially chosen coordinate system. 

The third group comprises works which study either waves of a 
specific form (plane, spherical), or the gravitational emission of 
isolated systems of sources. These include: plane waves -Rosen 
/155/, Boardman and Bergmann /156/, Bondi, Pirani and Robinson 
/143/, Kundt and Ehlers /137, 145-147/, Weber and Zipoy /95, 
317/, Kerr and Goldberg /318/, Avez /157/, Newman /150/, 
Penrose /144/, Chevreton /149/, Johari /154/; spherical waves -
Robinson and Trautman /129, 131/, Cahen and Leroy /319, 320/, 
Foster and Newman /138/, Marder /321/; emission of isolated 
systems -Bondi /20, 171, 322-325/, Stachel /188, 203/, Janis, 
Newman, Torrence and Couch /182, 326/, Hawking /202/, Bicak 
/327, 328/, Vander Burg /329/, Isaacson, Winicour and Derry 
/330/, Le Denmat /331/, Madore /45, 46/, Persides /197/, 
Halliday and Janis /332/, as well as works of Sachs /110/, Newman 
and Tamburino /333/, Szekeres /134/, Unti and Torrence /334/, 
and Collinson and French /335-336/, 

The fourth R'roup is composed of works on exact or approximate 
solutions of Einstein's equations describing gravitational waves in 
the sense of a certain criterion. Exact wave solutions known today 
and analyses of these may be found in the works of Einstein and 
Rosen /187, 337, 338/, Takeno /102, 153, 163, 168, 339-347/, 
Petrov /57, 97, 348/, Weber and Wheeler /193/, Marder /190-
192, 349/, Lichnerowicz /89/, Geissler and Treder /350-352/, 
Kompaneets /189, 353, 354/, Peres /108, 160/, Robinson and 
Trautman /129, 130/, Pandya and Vaidya /164, 355-357/, Sciama 
/358/, Bonnor /359, 360/, Friedlander /361-363/, Nordtvedt and 
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Pagels 11041, Krishna Rao and Pandey 1194-196, 364, 3651, 
Harrison 13661, Leroy 13671, Wyman and Trollope 172, 731, 
Zakharov 191, 101, 103, 105, 107, 170, 3681, Johari I 154, 3691, 
Misra 1370, 3711, Bartrum 11351, Foster and Newman 11381, Lal 
and Prasad 13721, Dangvu 1159, 3731, Hoffman 13741, Dozmorov 
1375-3771, Szekeres 13781 and Aichelburg 13791. 

Approximate wave solutions are investigated in the works of 
Rosen and Shamir 1191, Bonnar 111, 12, 17, 380-382/, Pirani 
13831, Peres 13841, Lias 13851, Mehra, Vaidya and Kushwaha 
13861, andMurenbeeldandTrollope 13871. A general method for 
constructing approximate wave solutions is given in the works of 
Choquet-Bruhat 1388, 389/. 

In the fifth group of works gravitat:!.cmal waves are treated by 
approximation methods: either using linearized equations of gravi
tation (Einstein 11, 21, Eddington 1231, Matte 1821, Dirac 13901, 
Vavilov 13911, Gertsenshtein and Pustovoit 1392, 3931, Bonnar 161, 
Carmeli 13941, Cooperstock 124, 243, 3951, Rotenberg 121, 25, 
291, Campbell 1221), or by representation of the equations in an 
approximate form of specified order of smallness (Bonnar I 11, 12, 
17, 3961, Fock 19, 3971, Infeld /8, 3981, Papapetrou 1399-4011, 
Tonnelat 1402, 4031, Isaacson and Winicour 137, 38, 441, Treder 
14041, Cooperstock 14051, Unt 1406, 4071, Zerilli 14081, Vish
veshwara 11791, Couch, Kinnersley and Torrence 1180, 1811), or, 
finally, by deriving the wave equation from modified ("Maxwellized") 
equations of gravitation (Rumer 14091, Kroki 14101, Mavrides 1411, 
4121, Synge 14131, Bergerl414l ). 

Investigations in the sixth category deal with the gravifational 
emission of elementary particles. First and foremost is a mono
graph by Stanyukovich I 4151 which reviews previous works in this 
field by the author (/416-4191 ), followed by works by De Witt 
14201, Kundt and Thompson 11861, Halpern, Laurent and 
Desbrandes I 2 54, 421 I. In view of the fact that Einstein's theory 
of gravitation is inapplicable to the description of microscopic 
systems, Stanyukovich replaces Einstein's equations with others 
involving a variable "constant" of gravitation. As mentioned 
earlier, works belonging to this trend are not touched upon in 
this book. 

The seventh group consists of works devoted to problems of ex
perimental investigation of gravitational waves, primarily detection. 
Workers in this field include Weber 131, 95, 212, 227-229, 422-
4291, Braginskii, Rudenko, Rukman 1213, 237, 430-4341, 
Gertsenshtein and Pustovoit I 435, 4361, Kopvillem and Nagibarov 
1247-251, 255, 2561, Bashkov 1437, 4381, Mir.onovskii 1241, 4391, 
Petrov 13061, Forward and Berman 12151, Heintzman 12421, 
Winterberg 12441, Zipoy and Bertotti 12451, Dyson 1258, 2591, 
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Slabkii 14401, Vodyanitskii and Dimanshtein 14651, Lavrent'ev 
1252, 2531, Dautcourt 14411, Melosh 12251, Wick 14421, Papini 
I 4431, Boccaletti, de Sabbata, Gualdi and Fortini I 4441. 

A number of works in this category deal with estimates of the 
power of gravitational radiation from cosmic sources, and 
prospects for laboratory study of the latter; these include work by 
Wheeler I 361, Fowler I 4451, Zel'dovich and Novikov I 341, Thorne 
130, 218-222, 4461, Cooperstock 132, 331, Carmeli l35l, Weber 
1311, Boccaletti, de Sabbata, Gualdi and Fortini /'?.39, 2401, 
Weinberg 14471, Shklovskii 12161, Greenstein 12301, Kafka 1232, 
233, 4481, Sciama, Field and Rees 1231, 234, 235, 4491, Kaufman 
14501, Peters 14511, Alladin and Sastry 14521, Chandrasekhar 
1453-4551, Ezawa 14561, and Chau and Henriksen 1457, 4581. 

The purely astrophysical aspect of the problem and in particular 
the role of gravitational emission in the energy balance of cosmic 
objects has been allotted limited space. A detailed exposition of 
this specialized astrophysical question would have stood out against 
the general outline of the book, which is devoted primarily to 
theoretical aspects - questions of principle - of the problem of 
gravitational waves. A rapid summary of experimental results and 
problematics in this category is given in Chapter 13. 

Works discussing the velocity of propagation of gravitational 
waves -by Finzi I 59 I, Arifov I 4 59 I, Krzywoblocki I 4 60 I, 
Mitskevich 14611- constitute a group apart. Various aspects of 
the problem of gravitational waves are the subject of reviews by 
Pirani 110, 71, 2621, Sachs 11481, Trautman 11311, Petrov 14621, 
Bondi 146'3, 4641, et al. (e. g., the review section in 11651). 

In conclusion we note that the bibliography consists chiefly of 
works published prior to 1971. 
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Chapter 1 

APPROXIMATION METHODS FOR THE 
INVESTIGATION OF GRAVITATIONAL WAVES 

1. Linear approximation 

The fact that radiative and wave processes are a natural element 
of the modern theory of gravitation -that is, of Einstein's general 
theory of relativity -becomes apparent when one considers the 
case of weak gravitational fields. Here the overall picture becomes 
so strikingly simplified that many complex concepts and relations 
of this theory become analogous to known ones in classical field 
theory. Although the main subject of this treatise is the problem of 
the invariant formulation of the concept of gravitational waves, it 
would not be complete enough or motivated well enough unless we 
were to carry out a preliminary analysis of the methods of approx
imate description of wavelike gravitational fields. 

Einstein's equations 

( 1.1) 

were first treated in the weak-field approximation by their author 
/1, 2/. Here Ra.a is the Ricci tensor, T a.£3 is the energy-momen
tum tensor of "matter," i.e., of matter and of all fields other than 
the gravitational one, T = ga.l3 T a.£3 and A. is Einstein's gravitational 
constant. The summation convention is employed throughout the 
book; the Greek indices run from 0 to 3, and small Latin indices 
from 1 to 3. 

If the metric tensor ga. 11 is only slightly different from the 
(00) 

Minkowski metric ga.l» 

(00) 

ga.{3 = ga.{3 + ha.l3• (1.2) 
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then the quantities ha.a are small compared with unity. We assume 
that their partial derivatives are of the same order of smallness:':' 

( 1. 3) 

Then in the linear approximation in ha.a the Riemann-Christoffel 
tensor is given by 

( 1,4) 

We find the expression for the Ricci tensor from the above and 
write equation (1.1) in the linear approximation: 

(1. 5) 

Here we exploited the obvious fact that in the linear approximation 

g"[l = (~)a.[l- h"fl, h"[l = h0~(~)ca.(~\fl, h = (~)"[lhct{l• 
(OO) 

Multiplying (1.5) by g"Y, we arrive at the scalar equation 

Dh + h;;. = -"AT, ( 1. 6) 

( 1. 7) 

is the d'Alembertian of the special theory of relativity and 6. the 
Laplacian: 

• Strictly speaking, derivatives of h"[l of different orders have different dimensionalities; their 
orders of smallness should therefore be evaluated with reference to the characteristic linear 
dimensions (such as the radius of curvature) of the space-time background. But as, in this case, 
the latter is flat (infinite radius of curvature), the orders of smallness of the first and second 
derivatives can be regarded as the same in the approximations under consideration. Estimates 
for a nonflat background metric may be found, for instance, in the works of Isaacson, discussed 
later in the present chapter, 
In most sections of the book, partial derivatives with respect to the coordinates are denoted by 

iJ 
indices following a comma (for example, Qa.[l,Y= iJxY Qa.[l), while covariant derivatives are 

iJ 
denoted by indices following a semicolon (for example, Q!Lv;>. := iJx>. QIL•- f~ILQ"v- r~.QIL"); 

however, wherever it is necessary to bring out the operator nature of these indices, the more 

explicit notation Qa.~. Y = iJYQ"[l and Qct{l; Y = V YQ"fl is used. Other instances in which a 
special notation is used for differentiation are indicated in the text. 
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(1.8) 

(00) 

Multiplying equation ( 1. 6) by ga.Y and introducing the expression 
(OO) 

obtained for f..Tga.v in (1.5), we arrive at a system of equations which 
is conveniently written as follows: 

C'P"Il + 'PtlliL + 'P~·"~'-- <~~ll'P::. = 2/..T""'' (1.9) 

where we introduced the quantities 

(1.10) 

The system (1.9) can be simplified further if we recall that 
Hilbert's conditions can always be satisfied in the weak-field 
approximation /3, 4/: 

'P~.{J = 0. (1.11) 

The field equations then assume the standard form 

(1.12) 

Thus in the linear approximation Einstein's equations are wave 
equations for the potentials 'Pa. 11 , their right-hand sides describing 
the sources of the gravitational field. Consequently, in the linear 
approximation the equations of gravitation describe the propagation 
of gravitational waves with the fundamental velocity'~ c (x0 = ct); 
conditions ( 1.11) are the analogues of the condition of gauge invari
ance in classical field theory. 

Let us choose the origin of the Cartesian system of coordinates 
within the volume V occupied by the sources. Let x be the radius 
vector of an arbitrary point Plying outside V and s, the radius 
vector of an arbitrary point 0 within V. The general solution of the 
system of equations (1.12) for zero initial values ( 'P"Il = 0 and 'P"Il,o = 0 
for x0 = 0) is given by':'1.' 

- 'J. \ T"ll(~t,t -1~'1) i 

'P"Il - - '"""2n J I~' I d36, 
v 

(1.13) 

• The system of units with c = 1 will be used throughout; the only exception will be the beginning 
of Section 2 of the present chapter. . 

• • The mathematical theory of the inhomogeneous d 'Alembert equation i.s given (for example) in 
Sobolev's book I 5/. 
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where r = x- s. Thus the solution of Einstein's equations in the 
linear approximation is given by the retarded potentials (1.13). 

By expanding the integrand in (1.13) in powers of IWixl, one can 
study the multipole emission of the material system to all orders. 
The corresponding components of the radiation are characterized 
by the multipole moment tensors. The rank s of the tensor of the 
2• -pole moment characterizing the mass distribution of the sources 
is determined by the number s of the corresponding term in the 
multipole expansion. Thus, introducing the following three-dimen
sional tensors (Bonnar I 6 I ) : 

M = ~ T 00 dV, 
v 

At=~ T0; dV, 
v 

S;i = ~ T;jdV, 
v 

Mkl ... m =~ Too£k£l· · ·~mdV, 
v 

A;Jkl ... m = ~ To;SkSl • .• ~m dV, 
v 

Siilkl ... m = ~ T;i;kSl . •• b dV, 
v 

(1.14) 

and defining the corresponding traceless multipole moment tensors 
in terms of these, 

M kl = 3M kl - {jklM PP• 

Mklm = 5Mklm- {jklMppm- {jlmMkpp- {jmkM plp• 

Ailk = 3Ailk - {jikAPIP• 

S;jj~ = 5SiJik + O;j (Skpjp - 2Sppjk) + ~ {jki (Sppjj-3Sjpjp) + 
1 + 2 {jik (SPPii- 3S;plp), 

one obtains the multipole expansion of the components of the 
retarded potentials 'IJl~: 

(1.15) 

(1.16) 
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where the dots above a symbol designate differentiation with respect 
to the retarded time t - r. The first term of the expansion for '1jJ00 

is obviously the Newtonian potential, while the succeeding terms 
correspond to the quadrupole and octupole moments of the mass 
distribution. The absence of the dipole term shows that, in particu
lar, a spherically symmetric system of sources cannot emit 
gravitational waves. Thus the solution ( 1.16) of the wave equation 
(1.12) describes gravitational waves in the linear approximation, 
the first "radiative" term in the expansion of the potentials 'ljla~ 
being the quadrupole term. 

2. Higher-order approximations 

To obtain nonlinear approximations of the equations of gravita
tion, we can use the classical Einstein-Infeld-Hoffman method of 
approximations I 7 I, which was first used to study the equations of 
motion and is based on expansion of the potentials of the gravita
tional field in the small parameter 1 I c ( c being the fundamental 
velocity)':'. This method has been applied to the problem of gravi
tational radiation by Infeld (see 181 ), Fock 191 and Bonnar 16, 111. 
Expansion in the parameter 11 c makes it possible to obtain the 
equations of Newton's theory in the zeroeth order, which in turn 
makes it possible to substantially simplify the treatment of higher
order approximations. Thus by choosing a suitable coordinate 
system one can ensure that in the expansion of the components 11,.. 

11,.. = ~ e-n htJ.• (x") 
n=O (n) 

the first nonzero terms will be of second order for h00 and h;1 , and 
of third order for h 0;. 

Correspondingly, the first nonzero term of the expansion of 'ljl00 

will be 'ljl00 ; for 'ljl0 ; it will be 'ljl 0;, and for 'ljl;J, the terms 'ljliJ of the 
(2) (3) (4) 

fourth order of smallness. The field equations in these approxima
tions become 

(1.1 7) 

• To the formal expansion in the parameter 1/ c corresponds an actual expansion in a dimension
less parameter of the type U/c2

1 where U is the Newtonian gravitational potential, or in v1/c2 , 

where v is the velocity of one of the bodies forming the system of sources. 
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where Nii are the nonlinear terms, first appearing as corrections 
(4) 

to terms of the fourth order. 
As Gupta shows /10/ (see also Bonnar /11/), analogous 

equations can be obtained in the n-th order approximation by 
another method based on expansion of the metric ga. 13 and the energy
momentum tensor T a.f3 in the parameter A. (gravitational constant): 

Tcx{l (xa, A.)= ~ A.nTa{l (x0 ), 

n=O (n) 

where ha.a and Ta.a are independent of A.. By inserting these ex-
(n) (n) 

pansions in the field equations one can express the latter as equa
tions (with zero on the right side) for analytic functions expanded in 
series in A.. Equating the coefficients of 1.n to zero, we obtain the 
equations of gravitation in the n-th order approximation. Making 
use once more of the definition (1.10) for 'IJla.a• we can write (for 
n :> 2) 

Ll1Jla(l = 2 [Ta,~- Ncx{l), 
(n) (n-1) (n) 

(1.18) 

where Na.a denotes nonlinear terms dependent only on combinations 
(n) 

of 'IJlaa of order lower than n, and independent of 'IJla.a and 'A. 
(n) 

Equations (1.18) are taken, by definition, to be Einstein's equations 
of gravitation in the n-th order approximation (Havas and Goldberg 
113, 14/). 

In approximations of arbitrarily high order, equations of the 
type of (1.17) -(1.18) may no longer be interpreted- generally 
speaking -as wave equations. However, in the case of isolated 
distribution of matter it is natural to assume that the classical 
concept of mass-energy of the system of sources used in the linear 
approximation is also applicable for higher-order approximations. 
Using this assumption and starting from the solution of the 
equations of gravitation of arbitrarily high order, one can calculate 
the variation of the energy of the system over a characteristic time 
interval (e. g., over a complete period of 2• -pole oscillations) with 
the aid of the energy-momentum pseudotensor which determines the 
energy transfer by gravitational waves in the linear approximation 
(Eddington /15/, Landau and Lifshits /16/). 

Another method which can be used to calculate the energy loss 
11m=m2-m1 consists of comparison with the Schwarz schild field, 
provided the stationary states of the system at the instants t1 and t2 , 

corresponding to the mass values m 1 and m2, can be described by 
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Schwarzschild' s solution. Obviously, this method is applicable 
only to those source distributions (and to such systems of 
reference) which go over to Schwarzschild's metric at sufficiently 
large distances from the system of sources. Then the change 11m 
in the mass of the system over the oscillation period l1t = t2 - t1 

can be interpreted as a consequence of the transfer of energy by the 
gravitational waves. 

With this aim in view, the so-called method of do u b 1 e 
par am e t e r appro xi mat ions, which extends the foregoing 
method of expansion of the metric in powers of the gravitational 
constant, was put forward by Bonnar and Rotenberg /17, 18/ in 
application to sources of the insular type (in vacuum Ta.a = 0). If 
the quantity m characterizing the total mass of the system is used 
as a parameter to replace the gravitational constant A., and the 
characteristic parameter a of the system, with the dimension of 
length, is chosen as the other parameter which arises naturally on 
definition of the multipole oscillations of the system, then the 
solution of the equations of gravitation which can be expanded in 
converging Taylor series in m and a in the neighborhood of m = 0 
and a = 0 may be written as 

(1.19) 

(ps) 

where the coefficients ga.£3 are independent of m and a. Ordinary 
expansion in powers of the gravitational constant is equivalent to 
expansion in the single parameter m ( s = 0). 

Inserting this expansion in the equation for the field in vacuum 

and setting the expansion coefficients before mPa• equal to zero, 
we obtain a system of ten second-order differential equations known 
as the "field equations in the ps -approximation": 

(ps) (ps) (qr) 

ID<Xil (g.,..) = o/ ail (giL.) (q:,;:;;;p-1, r.;:;;;s). (1.20) 

(ps) 
The left-hand sides of the above are linear in giL• (and their 

(qr) 
derivatives) while the right-hand sides are nonlinear in gl'• (and 

their derivatives), the latter being.already known from the approx
imation of preceding order. 

The 00 approximation obviously corresponds to ·the flat space
(oo) 

time metric: ga.B = ga.B·. All approximations of order 1s are linear 
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(ls) 

and homogeneous in ga.f\ and their derivatives, 

(18) 

'fail= 0, 

and are therefore equivalent to the Einstein-Infeld-Hoffman approx
imations discussed earlier. Approximations of ps -orders with 
p > 2 are nonlinear; 2s -approximations correspond to the second 
order of smallness (s = 0, 1, 2, ... ), 3s--approximations to the 
third order (s = 0, 1, 2, ... ), and so forth. 

The solution of the equations of gravitation in the linear approx
imation in the form of a multipole expansion is given by formulas 
(1.16). In our notation (1.19), it can be written as 

(00) 
00 

(15) 

gail = gct,3 + ~ ma• gail, 
•=o 

Wl (~ 
where dipole terms are absent ( ga. 13 = 0), monopole terms ga. 13 (i.e., 

(00) (10) 

the static part, ga. 13 + mga.f\ ) correspond to the linear approximation 
(12) (13) (18) 

to Schwarzschild 1s metric, while the terms ga.f3• ga. 13 , ... , ga. 13 , ... are 
known respectively as quadrupole, octupole, ... , 2" -pole wave 
solutions in approximations of 1s -orders. This corresponds to the 
definition of the 2" -pole moment of an axially symmetric system of 
sources distributed linearly along the axis of symmetry 

(1.21) 

where u = t- r, and the coefficients h<•> (u) are independent of 
m and a. 

To determine the order of the approximation in which an isolated 
system of sources will exhibit secular variation of mass due to 
emission of gravitational waves, consider a nonstationary system 
which (for a- 0) admits of passage to the limit of the stationary 
field of a point source (Schwarzschild field). The simplest system 
of this kind is an axially symmetric distribution of finite length, ':' 
described (in the spherical coordinates r, 6, <p, t) by the metric 

(1.22) 

where A, B, C, D are functions of r, 6, t. Writing down the field 
equations (1.20) in the ps -approximation for this metrk and 

• An example of such a system would be two equal point masses, connected by a spring and 
describing symmetric oscillations. 
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integrating them (Rosen and Shamir 1191, Bonnar 117/), we obtain: 

OA = P- ~(M1 + r-1M)dt-

- ~ { (L1 + r-1L)- ~ (N11 + r-W1) dt}de- (Th + r-1TJ) + 
+ ~(an+ r 1a1) de - (X1 + r-1x), 

t! 

C =-A cosec2 8~ [2A+ r-1~{2A + r(~M dt + 11)}dr + 

+ r-1-r ]sin 8 cos 8 dEl+ cosec' 8 ~(~ N dt +a )sin18 d8+1.1.cosec1 9, 

B =- C + r-1 ~{2A + r (~M dt + 11)}dr + r-1-r, 

D =A+ r~ [ 2r-2A + r-1 {~ ( L- ~ N1dt- a1)d8 + x}]dr+rv, 

where 0 is the d'Alembertian in the coordinates r, e, cp, t; 

(1.23) 

P, M, L and N are the right-hand (nonlinear) sides of equations 
(1.20), assumed to be known from the qr -approximation ( q <,p- 1, 
r<,s): 

for the remaining values of the indices a and p equations (1.20) 
become identical; lastly, TJ (r, 8), CJ (r, 8), x (r, t), T(El, t), v (8, t), 1.1. (r, t) 
are six integration constants, by choosing which one can satisfy the 
requirement of flatness at infinity and <msure the absence of singu
larity of the metric along the axis of symmetry. The subscript 1 in 
equations ( 1. 23) designates differentiation with respect to r. 

Thus the solution of the equations of the ps -approximation for 
the metric (1.22) reduces to integration of an inhomogeneous wave 

( p8) 

equation for the functions A , after which the expressions for 
(ps) (ps) (ps) 

C, B and D follow automatically from the remaining relations in 
the system (1.23). In particular, for a linear approximation of 
1 s -order the functions P, M, N and L are equal to zero in view of 
(1.20) and we obtain the homogeneous wave equation examined 
earlier for the functions 'Paa. 

The change in energy of the system of sources in the ps -approx
imation is evaluated by Bondi's method I 20 I, which is based on 

(ps) 

expansion of the gaa in inverse powers of r: 

l (n) • 

~ r-no(El, u) (u = t- r). (1,24) 
n=1 
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The gravitational mass of a system can be evaluated by establishing 
a correspondence between a given stationary solution and the equi
valent field which would be set up by a certain Schwarzschild mass; 

(ps) 

in the terms 'I' a B it is sufficient to retain coefficients of order 1/ r, 
(ps) 

while in the terms <Daa of equations (1.20) it is sufficient to retain 
coefficients of order no higher than 1 /r. One should take into 
account only such terms as describe the secular variation of the 

(ps) 

state of the system over the period 11t, ignoring the terms gaa, 
which do not change form as a result of oscillation. Thus all 

(po) 

terms gal\ describe only the constant (unvarying throughout the 
oscillation period) component of the field, i.e., the approximation 
of pO-order to the (strictly) Schwarzschild metric (to the 
field of the central mass m for which the linear dimension a = 0 ). 
From this it is easy to see, in particular, why expansions in the 
parameter m or A. only do not describe gravitational waves. 

N 1. f h (21) • 1 . . on 1near terms o t e order 'I'aa may conta1n on y combmatwns 
of the form 

(11) (10) 

ga.{3. ga(l 

and thus vanish owing to the absence of the dipole terms 
(11) 

(gaB= 0). It is therefore sufficient to apply expansion (1.24) to 
(ps) 

terms of the order of gal\ with s >2, exclusively. But Rotenberg 
has shown that, for isolated axially symmetric systems of sources, 
energy and momentum, determined by the pseudotensor ta.13, are 
conserved /21/':' in the 1s -order. The absence of secular mass 
variation in 22- and 23-orders is easy to show by expanding the 

(22) (2S) 

corresponding ga 11 and gaB in series such as ( 1.24) and evaluating 
(22) (23) 

'~"aa and 'I'aa in the 1/r approximation. 
Thus the 24 -order approximation is the lowest one which can 

contribute to the secular variation of mass of a system. A rigorous 
solution of the equations for the 24 -approximation has been given 

• On the other hand already in the I 1 s J approximation it can be shown that an isolated system of 
sources loses angular momentum due to the emission of gravitational waves (Campbell I 221 ). 
For comparison we might note that, in the 1 s -order, a rod rotating about an axis of symmetry 
orthogonal to itself- unlike the system under consideration -loses not only energy due to 
gr a vita tiona! emission (Eddington /231 J but also momentum (Cooperstock I 241, Rotenberg 
I 25/ ), in addition to losing angular momentum due to octupole gravitational waves I Cooper
stock and Booth I 261 ). 
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(24) 

by Hunter and Rotenberg /27/. The nonline?-r terms 'I'aa should 
contain combinations of the form 

(10) (14) (11) (13) (12) (12) 

ga.ll . gaf3• gall • gafl• ga.l3 • .gall• 

of which only the last (quadrupole -quadrupole emission) can make a 
secular contribution to the mass variation. Indeed, the second 

(11) 

combination vanishes identically ( ga.r. = 0), while for the first 
(24) 

(monopole-24 -pole emission) the right-hand sides 'I'aaof equations 
(1.20) will not contain secular terms of order 1/r. For quadrupole-

(24) 

quadrupole emission, on the other hand, the functions 'I' a a already 
contain secular terms of order 1/ r, causing the change 11m in the 
Schwarzschild mass over the oscillation period: 

here Q (u) is the quadrupole moment ( 1, 21) of the system, the 
primes denote differentiation with respect to the parameter 

(1.25) 

u = t- r, and a and j3 are parameters characterizing the nonsta
tionary character of the system (a+ j3 = 1). From ( 1.2 5) it follows 
that the system fails to emit energy only in the strictly stationary 
case a = j3 = 1 f2, or for oscillations of a very special type charac-

(~ 
terized by the condition V"' (u) =0, As it happens, the mass-energy 
losses calculated from this formula correspond exactly to those 
obtained with the help of the energy-momentum pseudotensor in the 
linear approximation (Rotenberg /28/)>.'. 

3. Critique of the approximation methods 

A significant drawback of the foregoing methods of approximate 
analysis of wavelike gravitational fields (Bonnar-Rotenberg, 

• Bonnar's method of double-parameter approximations can be extended as-well to the case of a 
non empty space-time. Thus Rotenberg has obtained a solution of the ps -approximation equa
tions for spaces filled with electromagnetic radiation /29/. The corresponding inhomogeneous 
wave equation in the ps-approximation for the metric (1.22) describes the gravitational and 
electromagnetic radiation. Bonnar's method has also been extended to isolated axially sym
metric fields of gravitation of a more general form than the distribution with the metric (1.22) 
(Rotenberg /21/ ). However, it is more convenient to deal with gravitational emission of 
arbitrarily isolated axially symmetric systems using the general method suggested by Bondi, 
1\letzner and Vander Burg (see Ch.ll). 
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Einstein-lnfeld-Hoffman, Fock, Bondi) is that in the zeroeth 
(00) 

approximation they deal with the flat space-time metric ga.f3, which 
corresponds to absence of a gravitational field. The correction to 
the metric plays the part of an infinitesimal of specified order and 
therefore can describe only weak gravitational fields. Thus these 
methods make it possible to determine the state of weak gravita
tional emission only, and only against the background of a flat 
space-time. 

Recent astronomical observations, however, point to the 
possible existence in the universe of sources ofvery strong gravita
tional waves. Thus according to computations by Thorne I 30 I, a 
neutron star undergoing nonspherical oscillatory perturbations 
(pulsations) maylose, byemissionofgravitationalwaves, anenergy 
of the order of 1051 ergs (0.1 o/o of the rest mass of the star itself) 
within a single period of pulsation (10-4 -10-3 sec). Similar power 
estimates have been obtained by Weber 131 I for pulsars, Cooper
stock 132, 331 for quasars and binary stars, Zel'dovich and 
Novikov 1341 for collapsed stars, Carmeli 1351 for gravitational 
bremsstrahlung of the sun and Wheeler 1361 for the metagalaxy. 
Moreover, in actual fields of gravitation one should expect that, in 
addition to the gravitational waves causing strong perturbation of 
the space-time metric, the background metric itself may respond 
to the strong gravitational field. 

An important step towards the resolution of this difficulty was 
taken by Isaacson 137, 381 when he applied the Brill-Hartle method 
of approximations (391 to the description of so-called "high
frequency" gravitational waves propagating against the background 
of a highly curved space-time. The idea of the method is based on 
expansion of the quantities h..,.v, i.e., the correction to the background 
metric y..,.,, in series in powers of the ratio e = l!L, where l is the 
characteristic dimension of the wave perturbation (which can be 
interpreted as its "wavelength") and L the characteristic dimension 
of the gravitational field of the background, comparable condition
ally to the "radius of curvature" of the space-time background.* 
This method is an extension of Bonnar's method. Since e is of the 
order of (l2m/r)'f,, the gravitational emission of an isolated system 
at large distances r from this system can always be regarded as 
"high-frequency emission," corresponding to the case where L- oo, 

According to the rigorous definition, a space-time V4 with the 
metric gtJ.• describes high-frequency gravitational waves if it admits 
of a one-parameter family of coordinate systems (i'h th~ sense of a 

• Indeed, the smallness of the ratio e = liL is interpreted as the relative shortwave character 
(high frequency) of the traveling perturbation hp.•, i.e., waves on the background of the curved 
space-time. 
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one -parameter Lie group G with the parameter e) in which gp..• 
assumes the form 

where 

gl'• (x) = Y!L• (x) + ehlL• (x, e) (e<1), 

r"'. = o (1), 

~. = 0(1), 

a"r~'-. = 0(1), a"13r~'-. = 0(1), 

O<X~Y = 0 (e-1), O<XiJ~v = 0 (e-2), 

(1.26) 

( 1. 2 7) 

( 1.2'8) 

The conditions ( 1.2 7) mean that the curvature of the background 
metric YP is of the order of unity, i.e., the background space
time is curved and its Riemann tensor 

However, it follows from conditions ( 1.28) that the order of 
magnitude of the total curvature of V4 may even exceed the curva
ture of the background: 

R ( + h ) R<ol R(ll 2R<2J + . <X/lYS Yp.v e."'J.V = <X/ly& + 8 <X/lYS + 8 <X/lYS ••• , (1.29) 

here 

In the above the covariant differentiation is with respect to the back
ground metric 1'!'-•, which is also used to raise and lower the indices. 
The second term in expansion (1.29), 

dominates over the other terms in order of magnitude, since, for 
example, 

and so forth. Similarly, for the Ricci tensor Ra.a of the total 
metric we obtain the expansion 

R ( h ) R(o) R(ll + 2R(2l 
<X/l Y11v + 8,"1'-• = <X/l + 8 all 8 ail + · · ·, 

where 
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the dominant term being again the second term 

whereas 

Hence the vacuum field equations for the first-order approximation 
will be given by 

R~~ = 0, ( 1, 30) 

those for the second-order approximation will be given by 

R(o) __ a2R(2) 
<X/l- ~ <X/l! (1.31) 

and so forth, Introducing the quantities 

where h = y"Bha.~, we can express equations (1.30) for the first 
approximation in the form 

(1.32) 

where the covariant differentiation is again with respect to YfLv, 

For the case of a weak gravitational field, given by the metric ( 1.2), 
the functions 'ijlp.v transform into the 'ljlp.v obtained earlier. 

In order to reduce equation (1.32) to the standard form of a wave 
equation for the potentials 1)ip.v, it is necessary to show that the 
second, third and fourth terms in this equation can be removed by 
"gauge" transformations, i.e., by choosing a suitable generator ~"" 
of the Lie group G which will induce admissible transformations 

and will not alter the first term in (1,32). 
To prove this we shall make use of formulas expressing the 

relation between the tensors Ra.a and Ra.f\v& and the barr.ed tensors 
I 40 I Ra.a and Ra.avs: 



1. APPROXIMATION METHODS 15 

where .2~ represents the Lie derivative in the direction of the 
generator ~;a of the group G. Using the formulas for the Lie deriva
tives of the tensors- Ra.a and Ra.avs (s~e, for instance, 141/), we can 
show that the quantities :l~R~~ and X~R~~ys are of the second order 
in e, i.e., in the high-frequency approximation ( e-+ 0) the tensors 

R~~ and RWy& remain invariant under transformations of the group G 
(are "gauge-invariant" 1371). Using the law of transformation of 

the quantities ~;a and ~'~ under infinitesimal transformations of the 
group G (xa-+ xa + esa), 

we choose sfL so as to satisfy the system of equations 

rallsfL;all - R~sa = ,P~;a. s~ = - { ¢~. 

Then, obviously, the following conditions will be fulfilled in the 
new coordinate system: 

bringing equations (1.32) to the desired form 

(1.33) 

(00) 

In the case of a flat background metric, 1'fLv = gfLv; due to the 

equality RWvll = 0 all terms apart from yall~,t~v; all vanish and we 
recover the wave equation considered earlier, (1.12). For the non
flat metric 1'fLv the left-hand side of equation (1.33) is de Rahm's 
generalized topological d' Alembertian I 42/, which lies at the base 
of the definition of wavelike gravitational fields':' proposed by 
L ichnerowic z I 4 3 I. 

Thus gravitational emission on the cyrved space-time back
ground finds an elegant definition at the high-frequency limit. 

Isaacson's approach resolves two significant difficulties that 
arise when searching for a definition of gravitational waves valid 
in an approximation of specified order. The first difficulty, as we 
saw earlier, arises from the assumption that the gravitational field 
set up by the wave perturbation is weak. The second arises from 
the assumption of flatness of the background metric. This restricts 

• The rigorous approach to the definition of gravitational waves on the basis of de Rahm 's operator 
is considered in Ch,8. 
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the validity of the approximation methods to asymptotically flat 
gravitational fields only (in particular, to fields of isolated sources). 

However, the Isaacson-Brill-Hartle method, together with the 
other methods described above, fail to resolve a third difficulty 
common to all attempts of defining gravitational waves on the basis 
of approximation methods: there exists no proof that the series of 
successive approximations converges. Thus Bonnar's method is 
based on the assumption of convergence of the series (1.19) in the 
neighborhood of m = 0 and a= 0, which, however, does not guaran
tee its convergence at sufficiently large distances from the source 
system. As Fock has shown 191, upon expansion of the integrand 
in (1.13) for the wave function ¢ail, sufficient convergence of the 
series is guaranteed only for "moderately large" distances r, 

namely for distances large compared with the dimensions of the 
source system but small compared with the length of the emitted 
waves. Inside the "wave zone" (i.e., the region situated at at a large 
distance from the sources compared with the length of the emitted 
waves) convergence of the series cannot, in general, be guaranteed 
unequivocally. Yet this very case constitutes the region of appli
cability of the Isaacson-Brill-Hartle method. This critical situa
tion is further aggravated by the absence of reliable experimental 
data concerning the properties of gravitational waves, whence the 
particular urgency of a rigorous proof that the series of successive 
approximations does indeed converge inside the wave zone. 

Lastly, every one of the methods of approximation considered 
above presupposes the selection of a definite system of coordinates 
(or a class of admissible coordinate systems) the existence of which 
cannot be guaranteed a priori in the specified gravitational field. 
For example, when the gravitational emission of an isolated 
axially symmetric system of bodies is treated by Bondi's method, 
the harmonic coordinate system becomes inapplicable, although it 
was applied successfully by V. A. Fock to the description of gravi
tational waves by the method of expansion of the potentials in the 
parameter 1 I c. The reason for this is the appearance of the loga
rithmic term r- 1 log r in place of 1 I r in the expansion of the gravi
tational potentials, precluding passage to the limit of the Schwarz
schild metric (Bonnar Ill/), Isaacson and Winicour 144/). Conse
quently, for fairly large distances from the isolated source of 
gravitational emission the wave solution of the linearized theory of 
gravitation in harmonic coordinates cannot serve as a first approx
imation to the exact wave solution, although at distances signifi
cantly smaller than the length of the propagating wave ~his des
cription proves satisfactory 145, 461. 

At the same time, the equations for the gravitational field are 
generally covariant. Therefore every physical consequence of the 
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theory must admit of a generally covariant formulation. Hence 
our next task will be to consider rigorous generally covariant 
methods of describing gravitational waves. Our starting point will 
be the Cauchy problem for Einstein's equations of gravitation. 

Henceforth it will be convenient to distinguish between the term 
g r a vita tiona 1 waves and the term g r a vita tiona 1 
emission. With the former we will associate the field in the 
true wave zone, where it does not interact with the sources. The 
latter will mean the overall gravitational field of the source which 
is inducing the waves. In the case of an empty space-time, we 
will refer to the gravitational waves as free. 



Chapter 2 

THE CAUCHY PROBLEM FOR EINSTEIN'S EQUATIONS 

1. Einstein's equations as a system of the hyperbolic type 

Rigorous formulation of the problem of gravitational waves in 
the general theory of relativity became possible only after De 
Dander 1471 and Lanczos 1481 had proved that Einstein's system 
of equations was of the hyperbolic type, i.e., that its characteristics 
were identical with those of a wave equation of the form':' 

(2.1) 

Indeed, Einstein's equations in empty space 

RtJ.v =0 (2.2) 

can be reduced by identity transformation (see, for instance, I 9 I) 
to the form 

(2.3) 

where we set 

(2 .4) 

(2. 5) 

so that the LIJ.v are expressed only in terms of components of the 
metric tensor and their first derivatives: 

• Henceforth the d'Alembertian symbol will be interpreted in the sense of (2.1). 

18 
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(2.6) 

We now pass in the given space-time region to a special coordi
nate system, choosing four solutions of equation (2.1) as the new zas: 

It is customary to refer to such systems as the above as 
harmonic coordinate systems. In this system equations 
(2 .2) become 

It is well known that the characteristics of a system of partial 
differential equations are determined exclusively by the coefficients 
of the higher derivatives. In our case it is the components of the 
metric fensor gall themselves that play this part. But the g«ll 
matrix can be reduced to the canonical form characterized by the 
signature ( +. -, -, - ) by a nonsingular transformation of the 
coordinates at any point in space-time. This proves that the 
system of quasilinear equations (2.2) is hyperbolic (see /49/, p. 61). 

2. Hadamard's discontinuity 

In the classical theory of partial differential equations (see, for 
instance, /50/), wave propagation in space is characterized by 
Hadamard ' s d i s continuity in the solution of the equations 
on the initial hypersurface S. We will show below that the hyper
surface of discontinuity S of the field functions (of their deriva
tives), known as the wave-front surface, is the character
istic hypersurface of the field equations. Our next task is there
fore to determine the characteristic manifolds ("characteristics") 
of Einstein's equations. However, before applying the concept of 
Hadamard's discontinuity directly to Einstein's equations, we will 
first illustrate it with the help of the scalar equation {2.1). 

Assume that the function 1jJ is continuous in each of the regions 
1 and 2 into which the surface S divides the space-time region 
under consideration, and that it tends to the limits '~>~~~ and w~~l as 
xatends to a point P 0 (x(0>) on S from the regions 1. and 2, 



20 GRAVITATIONAL WAVES IN EINSTEIN'S THEORY 

respectively. Then the following function of the point P 0 will be 
called the Hadamard discontinuity of the function 1jJ on the surface S: 

(2.9) 

Now let the function 1jJ be everywhere continuous near S while 
certain of its first derivatives ¢,a have finite discontinuities on S: 

[1jl] = 0, [1Jl,a] =/= 0 (2.10) 

We construct the total differentials of ¢(1) and ¢< 2l on S: 

Their existence and continuity was demonstrated by Hadamard I 51 I 
by considering the limits to S from regions 1 and 2. Subtracting 
the one from the other, we obtain, due to (2.10) and the continuity 
of d'ljl on S: 

(¢(1)," -¢(2), a) dxa = ['lj),a) dxa = 0. (2.11) 

Let the surface S be given by c:p (X") = 0. For oac:p -the normal 
to the surface S -the relation 

c:p,adXa=O (2.12) 

holds if the increment dx" belongs to the surface S. Comparing 
(2.11) and (2.12), we conclude that [¢,al and c:p,a are proportional to 
each other: 

(2.13) 

If the first derivatives ofthe function 1jJ are continuous, it can be 
shown in a similar fashion that the discontinuities of the second 
derivatives are expressed by the formula 

(2.14) 

and so on (cf. Hadamard I 51 I, pp. 81 - 89). 
Thus the problem of the investigation of gravitational waves as 

solutions of Einstein's equations must be linked to nonanalytic solu
tions of the Cauchy problem for a system of quasilinear·hyperbolic 
partial differential equations; in other words, it is to be presumed 
that the coefficients of the equations, the initial data and the 
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solution itself may be functions of a finite order of smoothness cr 
while derivatives of these functions of orders higher than r may 
have Hadamard discontinuities on certain hypersurfaces. (The 
function 1jJ is said to be of class cr if it has continuous partial 
derivatives up to the order r inclusive.) If 1jJ is of class Cr-1 in 
the neighborhood of S while its r-th derivatives have Hadamard 
discontinuities on S, ¢ is said to be a piecewise smooth function 
of class cr, or piecewise~' cr. 

The solution of Cauchy's problem will depend not only on the 
order of smoothness of the functions in which the initial data are 
given and the solution is sought, but also on the character of the 
initial hypersurface S. More specifically, the solutions to the 
problem will be substantially different depending on whether the 
hyper surface S is free or characteristic . ~"~ 

For Einstein's equations (2 .2), the important case from our 
standpoint, Cauchy's problem may be stated as follows: 

Let the initial hypersurface S be given by an 
equation of the form 

(2.15) 

and let the functions gap(x0
) and their first deriva

t i v e s ga p,p(x") b e g i v e n o n i t ; d e t e r m i n e f u n c t i o n s 
gap (xo) a n d t h e i r f i r s t d e r i v at i v e s w h i c h r e d u c e t o 
the initial data on S and satisfy equations (2.2) 
for ga ~ outside S. . 

In Lichnerowicz's analysis of the Cauchy problem for Einstein's 
equations, the choice of a convenient coordinate system played an 
important role. We will henceforth assume that the coordinate 
system is harmonic so that equations (2.2) assume the form of 
(2.8) while the initial data obey the condition 

The exact solution of Cauchy's problem for Einstein's equations in 
harmonic coordinates has been given by Lichnerowicz in I 54 I, 
which we will be following henceforth. 

Within the limits of the condition of harmonicity throughout the 
space-time region inside which the solution of Cauchy's problem is 

• "Par morceaux" in Lichnerowicz's original te.rminology (see /52/, pp.27- 35). 
• • A general formulation of Cauchy's problem and definitions of free and characteristic hyper

surfaces will be found in the monographs of Petrovskii /49/ and Bers, John and Schechter /53/. 
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being sought, it is possible to choose local coordinates :rfl on S 
such that in these coordinates the equation for S reduces to 

(2.16) 

It is easily seen from the formulation of Cauchy's problem that 
the solutions of interest for the problem of gravitational waves are 
functions of class C1 (piecewise C2 ) for sufficiently smooth (but 
nonanalytic) initial data. In other words, g~'-, and their first deri
vatives g~'-'· o will be continuous on the hyper surface S, while cer
tain second derivatives g~'-'• po will have Hadamard discontinuities on 
S. Let us determine which of the second derivatives of g~'-, can 
have a discontinuity on the hyper surface S given by equation (2 .16). 
According to Hadamard's formula (2.14), discontinuities of second 
derivatives can be expressed as 

(2.17) 

where ap, are the so-called "coefficients of discontinuity" (see also 
the works of Trautman /55/ and Bel /56/). From this it follows 
that of all the second derivatives of g~, on S, only gl'-,, 00 can have a 
dis cant inui ty: 

(2.18) 

But ofthese, the derivatives of g0ado not appear in Einstein's equa
tions. Therefore the important point for us is that of all the derivatives 
of gw, entering into equation (2 .2), only second derivatives of the form 
giJ•oo can be discontinuous in the hyper surface S. In this case Cauchy's 
data for the problem (2 .2) reduce to specification on S only of the values 
of the functions g~'-, and g~'-'· 0 , which we assume to be thrice and twice con
tinuously differentiable with respect to the x1 coordinates, respective
ly. The remaining first derivatives of g~'-'' as well as the second deriva
tives of g00 and g0;, are uniquely determined by differentiation with re
spect to xi of the previously known Cauchy data on S. 

The following question arises in this connection: when do 
Einstein's equations (2.2), together with the Cauchy data, uniquely 
determine the derivatives gu,oo as well? 

As Lichnerowicz shows (/52/, pp. 31 - 33; see also /57/, p.264), 
the system (2.2) in the harmonic coordinate system is equivalent to 
a system of the form 

1 
T googli,oo + Qii = 0, 

S~= 0, I'"= 0, 

(2.19) 

(2.20) 
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where 

(2.21) 

here Qii• s~ and ra do not contain derivatives of the form giJ,oo and 
hence are completely determined by the Cauchy data. Fulfillment 
of conditions (2.20) on the hypersurface S guarantees their fulfill
ment in the neighborhood of S as well, provided equations (2 .19) 
hold on S and outside it (Lichnerowicz' s theorem regarding 
involution of the system of differential equations /52/). 

This means that conditions (2.20) serve only for determining the 
Cauchy data, which cannot, therefore, be arbitrary. At the same 
time, system (2.19) serves for integration of the system (2,2) over 
x0 , i.e., for determining the unknown functions g~J.V• Thus in empty 
space Cauchy's problem for Einstein's equations breaks amyn into 
two parts: 1) determination of the Cauchy data that satisfy 
equations (2 .2); 2) integration of the system of equations (2.19) 
over x0 • 

Let us assume that we have Cauchy data satisfying the conditions 
(2 .20). Then under the condition gOO =/=0 equations (2.2) admit of a 
solution which does not have the Hadamard discontinuity on S; 
this corresponds to the case where equations (2.19) taken together 
with the Cauchy data uniquely determine the derivatives g1.J, oo as 
well. On the other hand, if Ff0 = 0 in the neighborhood of S, then 
the second derivatives gtJ>oo -and therefore also the curvature 
tensor components R010J- cannot be uniquely determined on S by 
the Cauchy data and the field equations, i.e., they have the 
Hadamard discontinuity on S. '~ 

3. Characteristic hyper surfaces of Einstein's equations 

The condition g0° = 0 governing the Hadamard discontinuity for 
the curvature tensor on the initial hyper surface S, specified in the 
form (2.16), can be formulated in generally covariant form. Indeed, 
passing to arbitrary coordinates in which x0 = q> (x'a), let us write 

• By definition, discontinuity of the derivatives of functions expressing the solution of Cauchy's 
problem for a certain system of equations subi.ect to continuity of the solution itself is known 
as weak disco n tin u it y of the solution of the given system of equations. Thus the 
condition g00 = 0 denotes a weak discontinuity of the first order for the solution of the system 
of equations (2. 2). 
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down the condition 

in the form of a general equation for the hypersurface S admitting 
a weak discontinuity in the solution of the system (2.2) (primes 
have been omitted): 

g«ilqJ,aqJ,il = 0, (2.22) 

i.e., the e ikon a 1 equation from geometrical optics (/ 16/, 
p.173). 

But equation (2.22) is a necessary and sufficient condition for 
isotropy of the hypersurfaces S (see /58/, p. 57). Consequently, 
first-order weak discontinuity in the solution of the system of 
equations (2.2) (Hadamard's discontinuity in the curvature tensor) 
is possible only if the initial hypersurface S is isotropic. 

We see that the solution of Cauchy's problem for Einstein's 
equations in empty space depends radically on the nature of the 
initial hypersurface S. If the hypersurface S specified by the 
equation cp (xa) = 0 does not satisfy the condition (2 .22), 

(2.23) 

it is called free, and Cauchy's problem for equations (2.2) in 
functions of class C1 (piecewise C2 ) admits of a unique solution. But 
if S does satisfy condition (2.22) it is termed characteristic, 
and the uniqueness theorem of the solution of Cauchy's problem 
does not hold. 

4. Leray' s theorem 

It is also possible to tell something of the solution of Cauchy's 
problem from the general existence and uniqueness theorems for a solu
t ion of a system of quas ilinea r hyperbolic partial differential equations. 
Thus if the coefficients entering into the equations are all analytic 
and the solution is sought in analytic functions, then given analytic 
initial data on a free hypersurface the Cauchy problem has a solu
tion and moreover a unique one (Cauchy-Kowalevski theorem; see 
/53/, p. 56). However, in the case of interest to us -the solution 
of Cauchy's problem in C1 (piecewise C2 ) functions -the Cauchy
Kowalevski theorem is inapplicable. 



2. THE CAUCHY PROBLEM 25 

As Lichnerowicz points out /54/, in our case it is possible to 
use Leray' s theorem /59/ according to which a system of quasi
linear hyperbolic partial differential equations will have a nonana
lytic and moreover a unique solution provided that the initial 
hypersurface S is free (spacelike) and that the Cauchy data on this 
hypersurface are given by sufficiently smooth functions. With 
regard to equations (2 .2) all the conditions of Leray' s theorem are 
satisfied if one uses harmonic coordinates in which Einstein's 
equations assume the form (2 .8) and the initial data are determined 
by the solution of the system of equations (2.20). 

The following important result follows from Leray' s theorem: 
T h e R i e m a n n t e n s o r RarM i n e m p t y s p a c e - t i m e 

can have an Hadamard discontinuity only on the 
characteristic hypersurface S of Einstein's equa
tions (2.2), which is determined by the eikonal 
equation (2.22). 

Indeed, the presence of an Hadamard discontinuity in a Riemann 
tensor on a certain hypersurface S is evidence that some at least 
of the second derivatives g~'-v· po cannot be determined uniquely from 
the field equations in the neighborhood of S from the initial data 
specified upon it. This in turn means that the hypersurface 
cannot be free. 

5. Bicharacteristics of the equations of gravitation 

We saw that in the Riemannian space V"' of signature -2 the 
characteristic manifold of Einstein's equations in the absence of 
matter 

(2 .24) 

is the isotropic three-dimensional hypersurface V3 (2.15), the 
function c:p satisfying the eikonal equation (2.22). 

The envelope of the tangent planes to the characteristics passing 
through a given point is called the characteristic cone /50/ at this 
point. And as the characteristic hypersurface of Einstein's equa
tions is isotropic (i.e., the metric is degenerate), the character
istic cone of the system of equations (2 .2) coincides with the light 
cone at the given point (/52/, pp. 33 -35). Equation (2.22) as a 
characteristic equation for the system {2.1) was first considered 
by Finzi /59/. 
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According to the definition of b i characteristics (also 
known as rays) for a system of quasilinear second -order equa
tions (see I 50 I, p. 551), the bicharacteristics of Einstein's equations 
(2.2) are identical with the flow lines of the isotropic vector field za 
orthogonal to the characteristic hypersurface S, 

(2.25) 

and may be expressed by the equations 

where T is a parameter on the curve. From (2.26) it obviously 
also follows that 

The functions xa (T) and lu. (T) can be specified by the canonical 
system of equations 

dxa. iJII 

d;"" = ar;' 
ola oH 

~=-ox"' (2.28) 

where the Hamiltonian 

(2.29) 

is identical with the characteristic form of Einstein's equations in 
empty space I 50 I. Both the solutions xa (T) of the canonical 
system (2.28) determine the extremals of the Lagrangian 

In actual fact, passing from the variables (x", ~:a) to the variables 

(xa., [13), we obtain the classical relation between L and H: 



2. THE CAUCHY PROBLEM 27 

Since the first integral of the system (2.28) is 2L= C =canst, 
these solutions will be extremals for 

as well, i.e., they will be geodesics of the Riemannian space V, 
with metric ga.P (/52/, pp. 33 -35). 

As we know from the theory of partial differential equations /50 j, 
bicharacteristics belong to the characteristic surface, i.e., the 
tangents to them are the generators of the characteristic· cone. 
But, as we saw earlier, the characteristic cone for Einstein's 
equations is identical with the light cone. Consequently, the 
bicharacteristics of Einstein's equations are iso
tropic geodesics. 

6. The Cauchy problem for the Einstein-Maxwell equations 

In analyzing the definition of gravitational waves it may be of 
considerable benefit to make use of the experience acquired in the 
investigation of electromagnetic waves, which are described by 
the energy-momentum tensor 

(2.30) 

where Fa. p is the Maxwell stress tensor. It is therefore useful to 
examine Cauchy's problem for the Maxwell equations in the Rie
mannian space-time of the general theory of relativity. The 
general solution of this problem has been investigated by Lich
nerowicz (/52/, pp.43-52). 

The self-consistent system of Einstein-Maxwell equations has 
the form 

Da = g«llFay;{J = 0, 
1 E« == T TJ{JySapy&;{J = 0, 

i 
Qa{J =Ra{J- z-Rga{J + Al'a(J = 0, 

where TJ«IlY5 is the discriminant tensor'~ 

(2.31) 

(2 .32) 

(2.33) 

• More precisely ax i a 1 tensor, since under coordinate transformation irs sign will depend on 
the sign of the Jacobian of the transformation (see, for instance, /60/, p.ll). 
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(2.34) 

and e!LvyS is the wholly antisymmetric Levi-Civita symbol, equal to 
+ 1 for e1234 and all even permutations of the indices, to - 1 for all 
odd permutations and to 0 for the remaining cases. 

Let us assume that the field Fa.p is of class C0 (piecewise C2). 
Then Cauchy's problem for the Einstein-Maxwell equations (2.31)
(2.33) may be formulated as follows: let the gravitational and 
electromagnetic fields be specified on the initial hypersurface (2 .15); 
findthefieldsoutside S iftheysatisfyequations (2.31)- (2.33). 

In the coordinate system in which the equation for S has the 
form (2.16), the Cauchy's data consist of ga.p (continuously differ
entiable with respect to x1 at least three times), ga.p,o and Fa.p 
(twice differentiable with respect to these coordinates). Only the deri
vatives ga.p,oo and Fa.p,o maybe discontinuous on s. Separating the in
dex 0 for convenience's sake, we can write equations (2. 31) in the form 

D; = goopoi,o + gokpki,o + · · · = 0, 

Do= goipio,o + · · · = 0 

(2.35) 

(2.36) 

(henceforth the three dots are employed so as to avoid writing out 
explicitly those terms which are uniquely determined by the Cauchy 
data). 

Lichnerowicz shows that the system (2.35) - (2.36) is equivalent 
to the system comprising equations (2.35) and 

(2.37) 

where the quantity D 0 (=g0iD 1 + g0°D 0), as is evident from equations 
(2.35) - (2.36), is uniquely determined by the Cauchy data. Simi
larly, equations ( 2. 32) are equivalent to the system 

E - 1 ojkip + 0 
1 = 2 TJ ik,o • • • = , 

Eo _ 1 }klop . _ 0 
=z-11 kl,J- ' 

where E0 is determined by the Cauchy data. 
(2.33) are equivalent to the system 

(2.38) 

(2.39) 

Lastly, equations 

1 
Q;j = Rij- T Rg1i + !.:t;i = 0, (2.40) 

(2.41) Q~ = R~-+ Ro~ +AT~ = 0, 
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where Q~ is given by the Cauchy data. (We recall that outside of 
the sources the trace of the energy-momentum tensor -r~ = 0 .) Thus 
Cauchy's problem may be broken down into two parts: 1) determina
tion of the Cauchy data satisfying conditions (2.37), (2.39) and 
(2.41) on S; 2) integration of the system of equations (2.35), (2.38) 
and (2.40) with respect to the coordinate :t0 for the obtained initial 
data. 

We assume from the first that g0° =F 0 throughout S. Then Fflt,o 
is uniquely determined from equation(2.38), F0 ;,o is uniquely deter
mined from ( 2.35) and giJ.oo is uniquely determined from (2 .40). Thus all 
the second derivatives of gail and all the first derivatives of F a.P are 
uniquely determined by the initial data and initial system, and there
fore the latter has a unique solution. 

Now let g0° = 0 on S. Then gii,oo and F0 ;,0 may be discontinuous 
on S and consequently S is a characteristic manifold of Maxwell's 
equations. The characteristic equation, as we know, has the form 
(2.22); in other words, the characteristic manifold of Maxwell's 
equations is identical with the characteristic manifold of Einstein's 
equations. 

Thus we have proved Lichnerowicz's theorem (/52/, pp. 50 -52): 
The characteristic manifolds (2.15) of Einstein's 

e q u a t i o n s a n d o f M a x w e 11 ' s e q u a t i o n s i n V4 a r e 
identical and are determined by the solutions of 
the eikonal equation (2.22). 

An immediate consequence of this theorem is the fact that the 
bicharacteristics of Einstein's equations are identical with those 
of Maxwell's equations. 

7. Gravitational wave front and "rays" of gravitation 

On the basis of the foregoing it may be stated that the character
istic manifold of Einstein's equations is the hyper surface on which 
the Riemann tensor has a Hadamard discontinuity, i.e., this hyper
surface plays the role of a wave front understood as the sur
face of discontinuity of Ra.pv& /55, 59/. The bicharacteristics of 
Einstein's equations, on the other hand, are the trajectories of an 
isotropic vector orthogonal to the characteristic hypersurface 
(wave front) and therefore play the part of wave vector. Since the 
characteristic manifold and the bicharacteristics are invariants of 
coordinate transformation (/50/, p. 555), the three-dime n
sional characteristic hypersurface of Einstein's 
equations can be regarded as invariantly deter
mined gravitational wave front while-the bicharac
teristics of Einstein's equations can be regarded 
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as invariantly determined gravitational rays, i.e., 
the trajectories of propagation of the wave front. 

Similarly, the electromagnetic wave front in the space V4 is 
determined by the characteristic hyper surface of Maxwell's equa
tions; by Lichnerowicz' s theorem it is identical with the 
gravitational wave front. The trajectories of electromagnetic 
wave propagation -the electromagnetic rays -can be defined as 
bicharacteristics of Maxwell's equations; they are identical with 
gravitational rays. 



Chapter 3 

GRAVITATIONAL WAVES: SUBSTANCE OF THE PROBLEM 

1. Various aspects of the problem 

From the standpoint of the results given in Chapter 2, fields 
describing free gravitational waves are determined by the solutions 
of Einstein's equations (2.2) for initial data on a characteristic 
hypersurface. As a rule, however, partial solutions of Einstein's 
equations are obtained without specifying definite boundary condi
tions, and thus the wave character of a concrete solution may not 
be apparent. Yet when studying gravitational fields we have only 
partial solutions of Einstein's equations at our disposal. Hence 
the problem arises of determining in a generally covariant manner 
the class of gravitational field corresponding to Hadamard's dis
continuity in solutions of Einstein's equations with initial data on 
the characteristic manifold. 

No definite solution of this problem exists, despite numerous 
variants which will be reviewed in the following sections. From 
the point of view of the theory of differential equations, the diffi
culty of the problem arises from the complexity of the nonlinear 
structure of Einstein's equations and the absence for the latter of 
universal boundary conditions. From the differential-geometric 
standpoint the difficulty resides in the absence of a generally 
covariant d' A lembert operator explicitly following from Einstein's 
equations. Lastly, from the physical standpoint the problem is 
that the absence of a generally covariant expression for the gravi
tational field energy in the general theory of relativity makes it 
difficult to tackle the question of the possibility of energy transfer 
by gravitational waves, as well as to describe the waves themselves 
in terms of the free transfer of field energy. 

Like all physical problems the problem of gravitational waves 
calls for experimental as well as theoretical treatment. In other 
words, gravitational waves can and should be viewed as an aspect 
of physical reality susceptible of experimental measurement. But 
if the experimental data are to be given a correct 'theoretical inter
pretation, the physical theory must contain a few general premises 

31 
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independent of concrete experiments. Only then will the theory be 
whole and closed, i.e., possess an intrinsic logical base (see, for 
example, /61 /). Otherwise any comparison between the theory and 
the data of a given experiment would be tautological. 

In this sense the general theory of relativity is exceptional 
among physical theories. The rigorous geometric foundation on 
which Einstein's theory of gravitation rests allows us to hope that 
it will be possible to arrive at a general and rigorous substantia
tion of the concept of gravitational radiation. It is to elucidate 
this possibility that we undertook to discuss the Cauchy problem 
for the equations of the gravitational field in the preceding chapter. 
There we found that the solution of Cauchy's problem for Einstein's 
equations of gravitation exhibits profound similarity at a number of 
important poir1ts with the solution of the corresponding problem for 
the equations of the electromagnetic field. In particular, the 
characteristic manifolds and bicharacteristics of Einstein's equa
tions and those of Maxwell's equations in the space-time V4 are 
identical. In classical electrodynamics the characteristic 
manifold of Maxwell's equations describes the electromagnetic 
wave front, and the bicharacteristics of Maxwell's equations 
describe the trajectories of propagation of electromagnetic radia
tion. In the light of this analogy one is justified in assuming that a 
gravitational wave front can be defined theoretically in terms of the 
characteristic manifold of Einstein's equation and its propagation 
trajectories in terms of the bicharacteristics. 

The basic problem, however, remains that of defining the field 
of gravitational radiation, or the gravitational wave zone. The 
foregoing considerations do not rule out the possibility of finding a 
satisfactory definition. The search for initial premises could 
clearly proceed along the lines of further pursuit of the analogy 
between the gravitational and the electromagnetic field. It should 
obviously be borne in mind that this analogy cannot be pursued 
indefinitely. Nevertheless all the methods for describing gravita
tional radiation discussed below make some use of the analogy 
between the electromagnetic and gravitational fields. 

This analogy is detectable by a variety of methods. The first of 
these follows directly from comparison of the differential structure of 
the equations of gravitation with that of the equations of electro
magnetism, i.e., from comparative analysis of the solution of 
Cauchy's problem for Einstein's and Maxwell's equations. This 
analysis is easiest to perform if one takes the curvature tensor of 
the space-time V4 to be analogous to the electromagnetic tensor F~'-. 

in the gravitational equations. Einstein's equations 

(3.1) 
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and Bianchi's identities 

(3.2) 

yield the relations~' I 60, 62 I 

(3.3) 

Relations (3.2) and (3.3) exhibit a striking analogy with Maxwell's 
equations 

and the tensor 

F..,.v;d + FdtJ.:v + FvG;tJ. = 0, 

F~;v = -jl'-, 

(3.4) 

(3. 5) 

(3.6) 

can be interpreted as the gravitational analog of the electro
magnetic current. However, if (3.2) and (3.3) are regarded as 
equations for the components Ra.pv&, a problem arises: under what 
conditions will Einstein's equations (3.1) follow from equations 
(3.2) and (3.3)? The problem can be formulated with greater rigor 
as follows: what conditions must the initial data of equations (3.2) 
and (3.3) satisfy in order for the complete class of their solutions 
to define the set of all gravitational fields of Einstein's theory? 

This question has been resolved by Lichnerowicz, who shows 
I 62 I that if, on an initial hypersurface S oriented in space, the 
initial data of equations (3.2) and (3.3) (i.e., the components of the 
Riemann tensor) satisfy relations (3.1), the latter will also be 
satisfied in the neighborhood of S. ~":' In other words, equations 
(3.2) and (3.3) are completely equivalent to Einstein's equations of 
gravitation if the Cauchy data for equations (3.2) and (3.3) on the 
spacelike initial hypersurface S are coupled by the conditions (3.1). 
In this case equations (3.2) - (3.3) are called quasi-Maxwell 
equations of gravitation I 63 I. 

However, the "quasi-Maxwellian approach" leads to fundamental 
difficulties in the description of gravitational fields of the wave 

• Here and below square brackets denote antisymmetrization with respect to the indices they 
enclose; correspondingly, parentheses denote symmetrization. 

•• This theorem is the analog of the theorem concerning the involution o(Einstein's system of 
equations, discussed in the preceding chapter. 
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type which are defined by initial data on a characteristic (isotropic) 
hypersurface. Thus it is possible to construct for the gravitational 
field a wave equation corresponding to the equation for the electro
magnetic field tensor FIJ.v which follows from Maxwell's equations 
in Riemannian space-time (Tolman /63/). However, this analog 
turns out to be an identity for the Riemann tensor Ra.av& and thus 
cannot serve to separate wave fields as a special class of gravita
tional field. 

Aside from differential methods, the analogy between the gravi
tational and electromagnetic fields can also be detected algebra
ically. This makes it possible to construct a definition of fields of 
gravitational waves based on the similarity in algebraic structure 
between the electromagentic field tensor FIJ.v and the Riemann 
tensor RallY& • As we will show in the next chapter, a characteristic 
trait of fields of electromagnetic radiation which sets them apart 
from the set of all electromagnetic fields can be expressed by 
purely algebraic conditions, namely the vanishing of the invariants 
of the electromagnetic field tensor F~v· From this point of view the 
definition of electromagnetic radiation is based on the algebraic 
subdivision of all electromagnetic fields into two types, interpret
able physically as wave and nonwave fields. This suggests the 
application of algebraic classification to the definition of gravita
tional wave fields as well. However,. here it is immediately seen 
that the algebraic analogy between the electromagnetic and gravita
tional fields is not complete. 

Indeed, due to differences in algebraic structure between the 
electromagnetic field tensor Fp.v and the space-time curvature 
tensor RafJy&, gravitational fields subdivide not into two types (as 
do electromagnetic fields) but rather into five algebraically distinct 
types, defined by Petrov's classification (three basic types,of which 
two can be both degenerate and nondegenerate). As a result the 
gravitational wave field possesses diverse algebraic properties and 
correspondingly there is a multiplicity of algebraic criteria for 
distinguishing wavelike gravitational fields from all gravitational 
fields. This is another difficulty accounting for the fact that the 
problem of gravitational waves in the general theory of relativity 
has yet to receive a universally accepted theoretical solution. 
Petrov's algebraic classification of gravitational fields /64, 65/, 
however, has a very important role to play in what follows. It is 
therefore useful to consider it in some detail. 
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2. Algebraic classification of gravitational fields. 
Einstein spaces 

Let a given Riemann space V4 be an Einstein space, i.e., let it 
be described by the equations 

It is easily shown that one will then have 

x = __!_ R = const. 
4 

(3.7) 

Proceeding according to Petrov' s method (I 65 I, pp. 113 -11 7), we 
map the Einstein space at every point on the centered affine bi
vector space BN of dimensionality 

N = C~ =+n(n-1) =6 (n = 4), 

placing a single collective index in the space BN in correspondence 
with each antisymmetric pair of indices of an arbitrary tensor in 
the Einstein space. Then to an arbitrary hi-tensor (i.e., tensor 
whose indices subdivide into antisymmetric pairs) belonging to the 
Einstein space there corresponds a tensor of half the valency in the 
space B 6 • 

We metrize the hi-vector space B8 , introducing into it the 
tensor gab (a, b = 1, 2, 3, 4, 5, 6) as the image of a fourth-rank 
tensor in the Einstein space: 

(3.8) 
(yl\) _,..b. 

Assuming that V4 has the signature -2 (i.e., +, -, -, -) and 
fixing the enumeration of the hi-vector space indices 

10-1.20-2,30-3, 23-4,31-5, 12-6, (3.9) 

we obtain the canonical form of the metric of the space R8 in the 
chosen orthogonal frame 

(3.10) 
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where e is a unit 3X3 matrix. From this follows, in particular, 
the nondegeneracy of the matrix llgab~· 

Writing down equations (3. 7) in the orthogonal frame we arrive 
at the conclusion that in Einstein spaces the matrix ~Rab~ of the 
curvature tensor is block-symmetric: 

where the blocks it and d£ are symmetric 3X 3 matrices the 
elements of which satisfy the relations 

3 

~ e58 =- x, 
s~1 

3 

~h •• = 0. 
S=1 

(3.11) 

(3.12) 

Then, decomposing a !..-matrix of form IIRab- l..gabll into two three
dimensional complex conjugate matrices, we arrive at Petrov's 
fundamental theorem: there are three and only three types of gravi
tational field, defined in R 6 by the characteristics of the !.. -matrix 
of the curvature tensor: 

Type 1 
[111, 111) 

Type 2 
[21, 21) 

Type 3 
[3, 3) (3.13) 

respectively. Here the bar indicates elementary divisors with 
complex conjugate bases. For type 3 the e·lementary divisor.s have 
real bases (no bar). All spaces of constant curvature defined by a 
characteristicoftheform [(111, 111)] belongtotype 1 (/65/, p.119). 

Petrov shows (/65/, p. § 19) that the matrix ~Rabl of the curva
ture tensor in a canonical nonholonomic orthogonal frame is reduc
ible to the form (3.11), where for type 1 fields 

(

0(1 0 0) 
jg = 0 0(2 0 ' 

0 0 0(3 

~()(!=-X, 

for type 2 fields 

(~1 0 0) 
:IC= 0 ~2 0 ' 

0 0 ~3 

~~;=0; 

(

0(1 

jg = ~ 0 ) 
0 ' (~1 0 0) 

.!JC = 0 ~2 1 ' 
0:2-1 0 1 ~2 

~1 + 2~2 = 0; 

(3.14) 

(3.15) 

(3.16) 

(3.17) 
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and for type 3 fields 

1 1 0 c·· ac~G 
0 

-D 
1 

0 } ~= 1 -3x 0 (3.18) 

. 0 0 -+x 
-1 

Here a. and ~. are respectively the real and imaginary parts of 
the bases of the elementary divisors 

(s = 1, 2, 3), (3.19) 

which are identical with the eigenvalues of the matrix IIRabll· 
Since there are three types of Einstein spaces, let us agree to 

designate them by * T 1, where i = 1, 2, 3 denotes the type of 
gravitational field. An empty space-time Ra.a = 0, i.e., the 
space * T 1 for x = 0, will be denoted by T 1• Petrov' s classification 
was subsequently formulated within the frameworks of other 
formalisms used in gravitational wave research. Thus Debever 
gives a detailed description of types and subtypes of fields after 
Petrov which is based on the mutual orientation of isotropic vector 
fields in physical space-time I 66 I, while Penrose investigates the 
spinor properties of the Riemann tensor from the standpoint of the 
algebraic classification according to Petrov I 6 7 I. Penrose 
gives the following diagrammatric representation of Petrov's 
systematics:':' 

-+I 
t t 

-+11.->D 
~ 1 (3.20) 

111-N -o 
·rs ·r2 ·rl 

Here I, D, 0 are subtypes of *Tl' distinguishable by the following 
properties: for I the three eigenvalues in the blocks of the matrix 
IIRabll are all different; for D two eigenvalues out of the three are 
identical, e. g., 

(3.21) 

• Inasmuch as Penrose's notation has achieved wide currency in works on Petrov's classification 
thanks to the clarity of diagram (3.20), we will henceforth treat the field types I, D, 0, II, 
Nand III as if they were simply the corresponding Petrov types, without calling attention to 
departures from Petrov's original terminology I 65/. 
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for 0 the three eigenvalues are identical and, due to (3.15) are real: 

(3.22) 

(for x = 0 type 0 contains only flat space-time). 
In the second column of diagram (3.20), II and N are subtypes of 

* T2 ; II is the "nondegenerate second type," for which the eigenvalues 
a1 and a2 are different, and N is the "degenerate second type," 
for which a1 and a2 are identical and, from (3.17), real:':< 

1 
C(l = 0(2 =- 3x, ~1 = ~2 = 0. (3.23) 

The only eigenvalue, always real, in both blocks of the matrix 

IIHabll for *T3 is given by --}x. 

3. Classification of gravitational fields of general form 

In view of the fact that the classification of Einstein spaces * T; 
rests entirely on the algebraic properties of the curvature tensor, 
it is expedient to use Weyl's conformal curvature tensor (see 
/58/, p.115) to classify general gravitational fields (Ra.a=f=.xga. 13): 

Calli'• = Ra:3t"•- +(gt"~R/3•- ga.R/3..,. + g13.R.,...,.- gil..,.lla.,) + 
1 + r;-R(g..,.,g{3v- g.ag{31J.)• (3.24) 

It possesses all the algebraic properties of the Riemann tensor: 

(3.25) 

It is easily shown that 

(3.26) 

i.e., algebraically, the Weyl tensor of an arbitrary space V4 

• We note that Bel I 68/ employs a somewhat different notation: types I, D, II, III and N are 
spoken of respectively as cas 1, cas 2a, cas 2b, cas 3a and cas 3b. 
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behaves like a Riemann tensor in empty space, and it is 
identical with the latter in the case (2.2). Determining the charac
teristic of the 'A -matrix II Cab- 'Agabil of the Weyl tensor in the 
bi -vector space R 6 and repeating the arguments of the preceding 
section, we conclude that there exist three and only three types of 
V4 of general form, corresponding to the characteristics ( 3.13). 
One can show (/65/, § 20) that the matrix IIC .. bll in the canonical 
orthogonal frame assumes the same form (3.11), (3.14) - (3.18) 
as IIRabll, it now being necessary to set x = 0 throughout. 

Penrose's diagram (3.20) remains unaltered for the matrix I!C,.bli 
as well. Type 0 obviously represents conformally flat spaces V4 , 

for which CaPIL• = 0 always, while type N is described by the 
matrices (3.16) for 

~1 = ~2 = 0. 

4. Petrov's classification and isotropic vector fields 

Debever shows /66/ that the Riemann space V4 of signature -2 
admits of the canonical form of the matrix II Cab II in the bi -vector 
space R 6 with respect to at least one and not more than four iso
tropic field vectors za =F 0 satisfying the equations 

(3.27) 

The formulation of DebE;ver's theorem in the form of equations 
(3.27) is due to Sachs /110/. The importance of the researches of 
Debever and Sachs in what follows impels us to dwell on their 
results in somewhat greater detail. 

Type I according to Petrov is characterized by the fact that all 
four vectors l(NJ N 1, 2, 3, 4) are different; for type D they are 
identical in pairs (two independent vectors), for type II there are 
three independent vectors (two out of four are identical), for type 
type III there are two independent vectors (three out of four are 
identical) and, lastly, type N is characterized by the fact that all 
four vectors are identical, i.e., they determine the same 
direction.':' To see this it is enough to verify equations (3.27) in the 
canonical orthogonal frame, specifying suitable values of the 

• The vectors za in these equations are determined only up to collinearity (multiplication by an 
arbitrary scalar). Therefore a difference in the vectors l(N) is interpreted as a difference in the 
isotropic directions specified by these vectors. 
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components za. Thus for type N one should take za =ll~ +~. We 
will refer to the vectors l(NJ• which satisfy equations (3.27), as 
Debever vectors. 

This brings us to a new invariant characterization of algebraic 
types of gravitational fields of general form. Designating the 
number of coincident (collinear) \-ectors l(NJ by a number in square 
brackets, one can systematize the foregoing considerations as 
follows: 

Petrov type D II N III 

Debever-Sachs symbol [1111) [22) [211) [4) [31) 
(3.28) 

The above system can be used in the algebraic classification of 
gravitational fields according to Petrov as an alternative to 
diagram (3.20). In this formulation of Petrov's classification the 
types of gravitational field are distinguished by the mutual orienta
tion of the Debever vectors in actual physical space-time. 

The type of mutual orientation of the Debever vectors is deter
mined by the specific form of equations (3.27); the most general 
form of these equations characterizes the "most general" case of 
vector orientation, i.e., type I. For the other types equations 
(3.27) transform into more stringent relations. The complete list 
for all the types in system (3.28) is as follows: 

Petrov type Equations for Debever vectors 

Nor [4] Ca~,sza = 0 (3 .29) 

III or [31] Ca{3)[&lYh_) = 0 (3. 30) 

II, D or [211], [22] Calh[&h]lfl[Y = 0 (3.31) 

I or [1111] lroCa.Jf3y[sh1ll3lY = 0 (3.32) 

It is easily shown that a vector ztNl satisfying any one of 
equations (3 .29) - (3 .32) will automatically satisfy all the following 
equations as well. The assignment of a gravitational field to a 
given type is therefore governed by two factors: 1) the Debever 
vector l(NJ satisfies the given equation of the series (3.29) - (3.32), 
and 2) this vector satisfies none of the preceding equations in 
the series. 

So far we have been considering general gravitational fields, the 
classification of which is characterized by the algebraic structure 
of the Weyl tensorCa.IM· Inemptyspace-timetheWeyl tensor is 
identical with the Riemann tensor Ra13, 3; accordingly, Raf3Y& will occur 
intheclassification(3.28) -(3.32) in place of Ca.av&· 
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Henceforth we will refer to type I fields, corresponding to the 
maximally general form of mutual orientation of the Debever 
vectors, as algebraically general, and to fields belonging 
to the other types - D, II, N and III -as a 1 g e bra i c a 11 y 
s p e c i a 1. The meaning of these terms is evident from the 
Debever-Sachs approach. 



Chapter 4 

PIRANI' S CRITERION 

1. Isotropic electromagnetic field -null field 

'~he first attempt at a generally covariant geometric definition of 
the concept of gravitational waves in empty space based on Petrov's 
classification is due to Pi rani (1957 /262/; see also his works 
/69- 71/). Pirani's definition is based on two postulates in con
formity with the concept of a wave in terms of Hadamard's 
discontinuity: 

1) the state of free gravitational waves is completely charac
terized by the Riemann tensor; 

2) the front of a gravitational wave manifests itself as a dis
continuity in the Riemann tensor on an isotropic three-dimensional 
hyper surface. 

The first postulate merely means that in Pi rani's approach the 
Riemann tensor Ra.av& acts as field function (intensity) of the gravi
tational field, whereas the metric tensor ga.£3, often associated 
with the gravitational field potential, does not play a primary role 
in the analysis of gravitational waves. From the physical stand
point the second postulate, according to which the gravitational 
wave front lies on the characteristic hypersurface of Einstein's 
equations, means that gravitational waves in empty space propagate 
with the fundamental velocity. 

Pi rani's definition presupposes an analogy between electro
magnetic and gravitational waves. As a third postulate- not expli
citly formulated -it is assumed that in gravitation as in electro
dynamics wave fields can only be isotropic. In this connection 
Pirani gives an extension of the concept of isotropic electromag
netic fields to the case of gravitational fields. 

We know that the energy-momentum tensor 't'~'-" of the electro
magnetic field (2.30) has four pairwise equal eigenvalues: k, k, -k, 
-k. Moreover, 

42 
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( 4 .1) 

where 

(4.2) 

and *FIJ.v is a tensor dual to the Maxwell tensor: 

•p 1 'Vpd IJ.V = z111J.vpcs-1' • (4.3) 

The electromagnetic field is termed isotropic (null field) if 
the eigenvalues of the tensor 't'!J.v are zero: k = 0, i.e., <I>= 'I' = 0. 
From the physical standpoint an isotropic electromagnetic field 
corresponds to wave propagation of electromagnetic energy with the 
fundamental velocity, as here the observer is unable to track the 
field. By definition an observer will be able to track the electro
magnetic field if for him the flux of the Poynting vector 

(4.4) 

equals zero across all possible two-dimensional surfaces (here va 
is the time like velocity 4 -vector of the observer). But in order 
for the flux of pa to be zero at all times, it is necessary that the 
vector pa itself be zero. According to (4.4), this means that 

( 4. 5) 

From condition (4. 5) it follows that if the observer tracks the 
field, his velocity 4 -vector will be the eigenvector of the matrix 
IITIJ.v II • However, as is known I 62 I, the eigenvectors of the tensor 
't'!J.v of an isotropic electromagnetic field can be isotropic (and 
moreover identical) or spacelike, but they cannot be timelike. 
Hence it is impossible to make pa vanish in the case of the iso
tropic field, and in order for an observer to track the field his 
velocity 4 -vector must degenerate into an isotropic one, i.e., 
the observer must travel at the speed of light. 

Thus one can give the following definition of an isotropic electro
magnetic field: an electromagnetic field is termed isotropic if the 
matrix IIT~J.vll has no timelike eigenvectors. 
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2. Principal Riemannian vectors. 
Tracking the gravitational field 

Pil·ani' s definition is based on an extension of the notion of an 
isotropic field (in its latest formulation for the electromagnetic 
field) to the case of gravitational fields. Such a generalization is 
difficult to accomplish directly, however, as Einstein's theory of 
gravitation lacks a true energy-momentum tensor for the gravita
tional field. To remove this difficulty Pirani defines the concept 
of tracking of the gravitational field in a way which differs in prin
ciple from electromagnetism, introducing the so-called principal 
Riemannian vectors. 

The p r i n c i p a 1 v e c t o r s o f t h e R i e m a n n t e n s o r 
Ra.av& are the directions of intersection of pairs of two-dimensional 
surfaces defined by the eigenvectors of the tensor Rab (a, b = 1, 2, 
... , 6) in the bi -vector space R 6 (and therefore by the bi -vectors 
in the physical space V4 ). The number and orientation of the prin
cipal Riemannian vectors can be determined if one knows the 
eigendirections of the tensor Rabin R 6 • Thus for type I of 
Penrose's diagram (3.20) there exists a single (timelike) principal 
vector; for type D there are two isotropic and one timelike prin
cipal vector; and for types II, III and N there exists a single 
(isotropic) principal vector. 

We now introduce the following definition, in accordance with 
Pirani: an observer will be tracking the gravitational field if his 
velocity 4 -vector coincides with a time like principal Riemannian 
vector. 

Obviously, an observer can only track a gravitational field the 
principal vector of which is timelike, i.e., a field of type I or D. 
As to type II, III and N fields, an observer tracking such gravita
tional fields would have to have an isotropic velocity 4-vector, i.e., 
he would have to travel at the speed of light. 

We can now take the following definition of an isotropic gravita
tional field: a gravitational field is isotropic if the curvature 
tensor RaBv& has no timelike principal Riemannian vectors. 

It follows from the foregoing that isotropic gravitational fields 
comprise fields belonging to types II, III and N, and only to these. 
We now come to the formulation of the criterion for the existence 
of gravitational waves according to Pirani. 

Pirani's criterion. In a given region of empty 
space-time V4 free g r a vita tiona 1 waves a :r: e present 
if within this region the Riemann tensor belongs 
to type II, N or III of diagram (3.20); otherwise 
gravitational waves are absent. 
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3. Example. Wyman-Trollope gravitational wave fields 

Thus the definition of the state of a free gravitational wave field 
based on Pirani' s criterion (and on other criteria which will be 
discussed later) is closely linked to the determination of the type 
to which a given gravitational field belongs within Petrov' s classi
fication. It is therefore worthwhile to examine those known solu
tions of Einstein's equations in empty space which belong to 
types II, N and III. 

Of these solutions a considerable number (those of Peres, 
Takeno, Petrov, Robinson and Trautman, Kundt et al.) will be 
discussed in subsequent chapters when we analyze other suggested 
criteria for gravitational waves (in a vacuum, or in a medium 
filled with electromagnetic radiation). To illustrate Pirani's 
criterion, let us look at a class of solutions of Einstein's equations, 
recently obtained by Wyman and Trollope I 72, 73 I, which does not 
coincide with the above-mentioned solutions or generalizes them 
considerably. 

To the Wyman-Trollope class of solutions corresponds the metric 

ga{3 = 

where 

20( 1 ~ 

1 0 0 
~ 0 e-~ 

r o o 

r 
0 
0 

( 4. 6) 

and ~. 11· £0, 11o• a and T are functions of the coordinates x0 , x1 , x3 ; 

~ is a function harmonic in x1 and x3 : 

~.n + ~,33 = 0, 

and y is a function harmonically conjugated to ~. The metric 
(4.6) was obtained by using the expansion of ga. 13 in the orthogonal 
frame along four real vectors (see, for instance, 174/), one of 
which -the isotropic vector za.- is assumed to be harmonic. 

Wyman and Trollope succeeded in integrating the field equation 
in empty space (2.2) with the metric (4.6) for a number of special 
cases. They single out three special cases: 

A. ~2 + 112 = 0, 
B. £2 + 112 + 0, a,22 = 0, 
C. £2 + 112 =F 0, 't',n + -r,33 = 0. 
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It can be shown':' that cases A and C correspond to type III fields 
in Penrose's diagram, and case B to type II fields. If the functions 
~ and 11 are such that ~ and y are independent of x2

, the given 
metric (in a vacuum) belongs to type N (degenerate type 2, accord
ing to Petrov's classification); in this case l" coincides with the 
Killing vector, which defines the group of motions of this space
time along the coordinate lines x2

• Geometrically the trajectories 
of this vector are interpreted as bicharacteristics of Einstein's 
equations. 

• The corresponding calculations have been carried out by L.B.Grigor'eva. She demonstrates that 

the metric discussed in Trollope's work /73/ and corresponding to the case of·a nonharmonic 
propagation vector zx is identical with the well-known Robinson -Trautman metric (see 
Chapter 9). 



Chapter 5 

BEL Is CRITERIA 

1. Superenergy tensor 

The criterion for the existence of gravitational waves proposed , 
by Bel /56, 68, 76 -80/ (see also Debever /81/), like Pirani's 
criterion, is based on an analogy with the theory of electromagnetic 
waves. But unlike Pi rani's criterion, Bel's first criterion, to 
which this section is devoted, rests on the definition of the "energy 
tensor" (more precisely the "superenergy tensor") of the gravita
tional field. By analogy with the energy-momentum tensor of the 
electromagnetic field (2. 30), such a "super energy tensor" should 
obviously be quadratic in the Riemann tensor Ra.av&. 

Let the given V4 , then, be an empty space-time - so that Ein
stein's equationshavethe form (2.2)- and let the indices a~ and y6 
be the antisymmetric pairs of the tensor Ra.av&. We introduce two 
new tensors, duals of the tensor Ra.avs: 

(5.1) 

It can be shown that in Einstein spaces (3. 7) 

(5.2) 

(see Appendix I, Theorem 1). 
We now define Bel's superenergy tensor /76/ asthe 

fourth- rank tensor 

(5.3) 

47 
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It is easily seen that in its properties the superenergy tensor 
(5.3) in empty space exhibits a close analogy to the electromagnetic 
field tensor 't'~·. First of all, it is completely symmetric, thanks 
to the fact that the tensor Ra.av& in empty V4 is symmetric with 
respect to the index pairs a~ and yo. Secondly, as in the case of 
the tensor 't'~~ov, it gives zero upon contraction with the metric 
tensor: ga. 13Taf3~· = 0. Thirdly, it satisfies the covariant equation 
of continuity, which is analogous to the equation of continuity for 
the tensor 't'"'v in a space-time without sources I80I: 

T~{31J.•;a = 0. (5.4) 

Fourthly, the analogy between the tensors Ta.f3~~o• and 't'IJ.• also 
emerges when one compares the eigenvalues of TIJ.• and the invari
ants of ra•31J.•. Tensor 't'IJ.v satisfies the relation I 81 I 

(5.5) 

where k is the eigenvalue of the tensor 't'a13 , having the form ( 4.1). 
One can show 1811 that the superenergy tensor satisfies the anal
ogous relation 

( 5. 6) 

where 

(5.7) 

The close algebraic analogy between Bel's tensor and the 
energy-momentum tensor of the electromagnetic field can be 
employed to define the "energy and momentum density" of the gra
vitational field. Let a timelike unit 4-vector ua be specified at 
every point M of space-time. We construct the scalar 

(5.8) 

It is easily shown 180 I that this scalar can be expressed as 

(5.9) 

where the symmetric tensors ~a.£3 and :?fCa. 13, introduced by Matte 



/82/~ are defined as 

fEa>- = Ra!l>-llullul'-, 

• 
:?fCa>- = - Ra!ll-tJ.U~UIJ.. 
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(5.10) 

(5.11) 

These tensors are obviously oriented in space, in the sense that 
the timelike vector ua is their eigenvector (corresponding to zero 
eigenvalue). Hence it is easily shown that the square of each of 
these tensors is nonnegative: 

(5.12) 

the equality holding only when the tensor is zero. 
It is moreover possible to prove the following theorem /80/: if 

for a certain vector ua the quantities fEa. 11 and 3Ca.a are simultaneous
ly zero, it follows in a necessary and sufficient manner that 
Ra.~v& = 0, i.e., the space-time is flat.,;, Indeed, let the following 
equalities hold: 

According to the lemma proved in Appendix I, the second of these 
is equivalent to the relations 

Multiplying them by u• and exploiting the condition u2 = 1, we obtain 

(5.13) 

From this follows (for Einstein spaces) the equality 

which, in turn, is equivalent to the relation 

(5.1"4) 

• We note that in /82/ ;..Jatte writes down the e;quations of the gravitational field in an empty 
space in the language of the quantities (5.10) and (5.11), so that in the first approximation they 
are analogous to ;..Jaxwell's equations, in which it is the quantities ~ and .?It that play the 
role of electric and magnetic field strengths. From Matte's point of view this analogy is suffi
cient demonstration of the reality of gravitational waves. 
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Multiplying (5.14) by uY and using (5.13), we obtain Ra.r.>-11-== 0, which 
proves the theorem. 

2. Energy and momentum of the gravitational field 

While discussing the concept of gravitational waves from the 
standpoint of energy transport by them, Synge /83/ formulates 
two necessary conditions which must be satisfied by the function 
F (uo:) expressing the energy density of the gravitational field: 
1) F (uo:) > 0, and 2) if F (u") = 0, then Ra.tJv& = 0, i.e., the field 
energy vanishes only in the absence of the field itself. It is easy 
to show that the scalar W (ucx) satisfies both these conditions: the 
first is satisfied due to relations (5.9) and (5.12), the second by 
virtue of the theorem proved above. 

Thus the scalar W (ucx) can be taken to be the definition of the 
"energy density" of the gravitational field. ':' As the vector ucx is 
timelike, one can choose a local coordinate system in which 
ucx = o~. In this system, obviously, W = T0000 , just as the concept 
of nongravitational energy is linked to the component T00 of the 
energy-momentum tensor of "matter" in Einstein's equations. 

Consider now the vector /76, 84/ 

(5.15) 

which can be termed, by analogy with Poynting's electromagnetic 
vector (4.4), the Poynting vector (or superenergy 
flux density) of the gravitational field. 

In the same coordinate system, obviously, 

As Bel shows /76/, in the linear approximation the following rela
tion holds at every point: 

(5.16) 

whence from Gauss's theorem 

• \Vith allowance, of course, for the density properties required for correct application of such 
concepts (the energy density according to Bel, say, would be- in the physical sense- the 
quantity -v=g W). 



5. BEL'S CRITERIA 51 

00 S W dV = - S P1
ni d~, (5.1 7) 

v 1: 

where ~ is the two-dimensional boundary of the given three
dimensional volume V and n1 is the unit vector of the outward 
normal to ~. Formula ( 5.1 7) means~' that the gravitational super
energy flux across an element d~ is proportional to P'n;. 
Consequently, in order for the superenergy flux across any 
surface ~ surrounding a given point to be zero, it is necessary 
and sufficient that pi (u12 ) = 0. Thus we come to the formulation of 
the criterion for the existence of gravitational waves according to 
Bel. 

Bel's first criterion. The presence of a superenergy 
flux is necessary and sufficient for the exis
tence of free gravitational waves. Conse
quently, gravitational waves are present in the 
neighborhood of an arbitrary point of empty 
s p a c e - t i m e V 4 i f, f o r a n y t i m e l i k e u n i t v e c t o r U12 

a t t hi s p o i n t, P12(ua) =1= 0. I f P 12 (u12
) = 0 , t h e r e a r e no 

gravitational waves in the neighborhood of this 
point. 

3. Equivalence of the Pirani and Bel criteria 

We will now prove the rigorous equivalence of the first Bel 
criterion and Pirani' s criterion (this proof was obtained by Bel 
/80 /). Thanks to their covariant character, it is sufficient to do 
so in the local coordinate system used above, where U12 == o:. In this 
system, obviously, 

Pi Ri·O· Roiok ""'R R = ·i·k = - ~ !iolr oiok• po=o, 
i,k 

or, differently expressed, 

Pi 1 c .. =T imeJfll', 

• Strictly speaking the partition (5.16) is noncovariant and therefore a~l further statements 
should be qualified by the phrase "in the given coordinate system." 
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where eimi is the three-dimensional Levi-Civita symbol. The three
dimensional antisymmetric tensor C1m has the form 

C;m = ~(S';k2ffkm- S'm~t21flt;). 
k 

As Bel shows, in a hi-vector space with basis hi-vectors 
constructed on the natural unit vectors of the coordinate 
system chosen by us (the enumeration of the indices in the hi
vector space corresponds to the choice (3,9)), 

~(1) = e(t) /\ e(o), fk(2) = e(2) /\ e(o)• i(a) = e(a) /\ e(o), 

~(4l = e(2l /\ e(al• ~(5) = e(a) /\ e(t), ~(&) = e(l) /\ e(2l' 

the matrix of the curvature tensor can be expressed as 

where 1£ and .'Jt are the matrices IIS';hll and IIJt';hll of the spatial 
components of the tensors (5.10) and (5.11). Obviously, if 
P~'-(u") == 0, then pi = 0 and therefore Cim = 0, i.e., the matrices 
IIS'il,ll and IIJt';hll commute. But in order for two three-dimensional 
matrices to commute, it is necessary and sufficient for them to 
reduce simultaneously to the diagonal form in a certain basis. 
Thus it follows necessarily from the condition pa. = 0 and from 
formulas (3.14) that the corresponding field Ra.flv& is of Petrov type 1. 
Conversely, if P~'- (ua.) =i= 0, i.e., the corresponding gravitational 
field describes gravitational waves according to Bel's first 
criterion, it will belong to type 2 or 3, i.e., it also satisfies 
Pir::mi' s criterion. This proves our claim, 

4. Invariants of the curvature tensor in an empty space 

Bel's second criterion, formulated by him in I 68 I, is based 
like Pi rani's - on an extension of the concept of isotropic fields, 
known from electromagnetism, to the case of gravitational fields. 
Unlike Pirani, however, Bel arrived at the definition of the iso
tropic gravitational field by generalizing the concept of an isotropic 
field as one whose invariants vanish, rather than by gen€ralizing 
the concept of tracking the field. 
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Whereas the number of functionally independent scalars which 
can be formed from Maxwell's tensor is two, from the Riemann 
tensor it is possible to form 14 of which only four are nonzero in 
empty space I 85, 861: 

B = __!_ R"13 •• R* >.~J.·· 
8 ··>.IJ. ••12(3, 

(5.18) 

these Bel calls fundamental scalars . Then, defining the 
isotropic gravitational field by the condition 

A= B = C =D = 0, (5.19) 

we obtain a new criterion for the existence of gravitational waves. 
Bel's second criterion. The field of free gravitational 

waves is identical with the isotropic gravitational 
fields defined by condition (5.19) for Ra.flv&=l= 0. An 
e m p t y s p a c e -time with R i e mann t ens o r R a. r.va =1= 0 
will describe free gravitational waves if all four 
fundamental scalars (5.18) vanish. Otherwise free 
gravitational waves are absent. 

Let us now determine which Petrov types of gravitational fields 
satisfy Bel's second criterion. Writing down the conditions (5.19) 
in hi-vector space and using the canonical form of the curvature 
tensor matrix (3.11), (3.14)- (3.18), we see that conditions (5.19) 
are satisfied by three out of the six types in Penrose's diagram: 
0, N and III. Dropping type 0, which is trivial ( Ra.r.vs = 0), we see 
that B e l ' s s e c o n d c r i t e r i o n i s s a t i s f i e d b y a ll 
gravitational fields belonging to types Nand III 
of Penrose's diagram and only by these. 

5. Debever vectors and Bel's second criterion 

Types 0, Nand III in Penrose's diagram in empty space (for 
which the eigenvalues of the tensor Rab equal zero) are known as 
degenerate types of gravitational fields, In Bel's classification 
I 68 I they constitute the single type he calls cas 3. 

As Debever shows 1811, in ~rder for an empty V4 to belong to 
Bel's type 3, it is necessary and sufficient that it admit of the 
existence of a vector l" satisfying the equations 
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Ra.13yaza.zy = o, 
* Ra.~ysza.zy = o. (5.20) 

The vector field za. (Debever vector) is unitary and isotropic. 
Thus Bel's second criterion admits of the following equivalent 
formulations /75/: 

Bel's second criterion (new formulation). An empty space -
time with Riemann tensor Ra.flv&=l= 0 describes free 
gravitational waves if and only if it admits of the 
e x i s t e n c e o f a n i s o t r o p i c v e c t o r f i e 1 d za. s a t i s f y -
ing equations (5.20), 



Chapter 6 

LICHNEROWICZ'S CRITERION 

1. Bilinear degenerate form of Maxwell's tensor 

The criterion for the existence of gravitational waves proposed 
by Lichnerowicz /87-90/ (for a comprehensive exposition see /62/) 
is also based on an analogy with the method for determining the 
state of electromagnetic radiation, The latter rests on the solution 
of Cauchy's problem for the Einstein-Maxwell equations in the 
space-time V4 • Let us briefly consider the salient points of 
Lichnerowicz's approach to this problem. 

Let the electromagnetic field tensor F «Zll belong to class C' 
(piecewise C2). According to Hadamard's formula (2.13), the dis
continuities in the first derivatives of F "II on the characteristic 
hypersurface qJ (xcx) are given by 

(6.1) 

where /" 11 are the discontinuity coefficients for the tensor F "II. It 
then follows from the first group of Maxwell's equations that the 
discontinuity coefficients satisfy the equations 

(6.2) 

and from the second group of Maxwell's equations that 

(6.3) 

Our main assumption will be that the discontinuities in the 
electromagnetic field tensor along the wave front are proportional 
to the field itself, i.e., that /" 11 - F "II' Then the tensor F " 11 
obviously satisfies equations of the type (6.2) and (6.3) 

z~F " 11 == o, (6,4) 
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whence it follows necessarily that the vector za is isotropic: 
la.l"- = 0. A second characteristic property of the vector l"- which 
satisfies equations ( 6.4) is that the lines of the vector field 
form a congruence of isotropic geodesics I 260, 2611. 

In conformity with Lichnerowicz, we will refer to the bilinear 
antisymmetric form satisfying equations (6.4) as a singular (or 
de generate) form of second order.':' One can then formulate 
the following theorem (Lichnerowicz I 62 I, § 7): the coefficients 
F a.r. of a singular bilinear form in a V 4 of signature -2 are given by 

(6.5) 

where ba is a certain vector orthogonal to la. (ba.la. = 0). An obvious 
consequence of this is that if the components of Maxwell's tensor 
F a.B are coefficients of a singular bilinear form, they define an iso
tropic electromagnetic field. Conversely, an isotropic electro
magnetic field F fW is the coefficient of a singular bilinear form. 

Earlier it was shown (Ch. 4) that the electromagnetic radiation 
field can be defined as the isotropic field corresponding to the 
vanishing of the invariants of the Maxwell tensor. Now we see that 
an isotropic electromagnetic field can be defined in turn as the field 
of the Maxwell tensor whose components F .. v are the coefficients of 
a singular bilinear form. This establishes the following definition 
(equivalent to that given in Chapter 4): Maxwell's tensor 
F .. v =i= 0 d e s c r i b e s e l e c t r o m a g n e t i c r a d i a t i o n i f 
there exists a (necessarily isotropic) vector field 
l"" s a t i s f y i n g e q u a t i o n s ( 6 .4) . 

2. Degenerate double form of the Riemann tensor 

Let all functions in the metric ga. 8(x0
) belong to class C1 (piecewise 

C3 ). According to Hadamard's formula (2.14), the discontinuities 
in the second derivatives of gar. on the characteristic hypersurface 
(2.15) are given by 

Inserting ( 6. 6) in the expression for the Riemann tensor 

1 
Ra.il>-11- = T (Ca.>-,llll- + gilp.,a.>-- Ca.~J.,il>-- Cil>-,a.~'-) + Ka.il>-11-• 

., 2 -forme sing u 1 i ere , according to Lichnerowicz 's original terminology /62/. 

(6.6) 
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where K~fi).~'- does not contain second derivatives of the metric and 
hence has no discontinuity on S, it is easy to obtain the expression 
for the discontinuities of R~p).p.: 

It obviously follows from here that 

(6.8) 

If we assume further that there is no discontinuity at S in the 
energy-momentum tensor T~B appearing on the right in the Einstein 
equations and that therefore, by virtue of (1.1), [R~fil = 0, then, 
according to Lichnerowicz (/62/, §20), 

(6.9) 

Let us make the following fundamental assumption: let the dis
continuities of the gravitational field described by the tensor R~pv& 
on the wave front S be proportional to the field components: 

Then the curvature tensor should satisfy equations of the form 

hRa.fl't& + l,Rfl).y& + lflR).a.y& = 0, 

za.Ra.(l't& = o, 
(6.10) 

(6.11) 

from which it follows that the vector za. is isotropic for R~ flv& + 0. 
Indeed, contracting equations (6.10) with za. and taking (6.11) into 
account, we obtain 

which proves our claim. 
We now introduce the following definition /88/: we will say that 

every tensor 

definesa degenerate double form'-' ifthereexistsa 

Do u b 1 e -forme sing u 1 i ere in Lichnerowicz 's original terminology. 
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vector za. such that Ha.a>-1'- =1= 0 satisfies the equations 

lc>.H a.I)]Y& = 0, l"-H a.fl>.!J. = 0. ( 6.12) 

Lichnerowicz draws the following three consequences from 
equations (6.12): 

1) za. is isotropic (the proof is analogous to the preceding one); 
2) za.z~a. = 0, i.e., the vector field za. defines a congruence of iso

tropic geodesics; 
3) the tensor Ha.flvs can be expressed in the form 

(6.13) 

where 

Then, contracting expression (6.13) with gil~', we find that the 
tensor Ha.>. = Ha.fl'~"gil~" has the form 

(6.14) 

On the basis of the foregoing results, one can formulate the 
Lichnerowicz criterion for the existence of gravitational waves as 
follows. 

Lichnerowicz criterion. The space-time V4 describes 
the state of the total gravitational radiation if its 
Riemann tensor Ra.r.vd=I=O) forms the coefficients of 
a singular double form, i.e., there exists an (iso
t r o pi c ) v e c t o r za. =1= 0 , sa t i s f y i n g e q u at i o n s ( 6.1 0) -
(6.11). If no such vector exists, there is no gravi
tational radiation. 

The Ricci tensor for a gravitational field satisfying the 
Lichnerowicz criterion should, from (6.14), have the form 

(6.15) 

Conversely, conditions ( 6.11) and the isotropy of the vector za. 
follow from conditions (6.15) and (6.10). Correspondingly, (6.10) 
follows from (6.15), (6.11) and the isotropy condition for l"-/62/. 
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3. The Lichnerowicz criterion and Petrov's classification 

It is evident from formula ( 6.15) that for t = 0 the Lichnerowicz 
criterion defines gravitational waves in empty space-time ("purely 
wavelike" gravitational field). Then (see Appendix I) equations 
(6.10) and (6.11) become equivalent, the one following uniquely 
from the other: 

(6.16) 

This means that a purely wavelike gravitational field is uniquely 
defined by any one of these systems of equations. 

Asisknown(/62/, §21; /68/, §6), anemptyV4 belongsto 
type N of Penrose's diagram if and only if there exists a vector 
field l"" satisfying one of the systems ( 6.16). Thus all spaces 
V 4 of type N define purely wavelike gravitational 
fields; conversely, all purely wavelike fields 
are of type N. 

For 't' =f=O in (6.15) we obtain the case of so-called total 
g r a vita tiona l r ad i at ion. ~' In this case classification of 
gravitational fields is based on the Weyl tensor (3.24), which was 
mentioned in Section 3 of Chapter 3. In order to determine what 
situation in this classification is occupied by fields of total gravi
tational radiation according to Lichnerowicz, we will prove the 
following auxiliary statement: if in a V4 of signature -2 there is a 
vector l"" satisfying the Lichnerowicz conditions (6.10) - (6.11), 
then this vector also satisfies the equations 

lr>.Ca.fllr& = 0, 

l""Ca.fl>.p. = 0, 
(6.17) 

i.e., the Weyl tensor in the given V4 defines a singular double form. 
Indeed, inserting expression (6.15) in the Weyl tensor (3.24) and 
making use of (6.10) and (6.11), as well as of the isotropy of the 
vector l"", after a direct check we are convinced of the validity of 
equations (6.17). 

One can show (Lichnerowicz /62/, §21) that if a certain tensor 
Ha.flY& having all the algebraic properties of the curvature tensor in 
empty space, 

Ha.fly& = -Hfla.Y& = -Ha.fl&y =Hy&rxl>• 

(6.18) 

"Radiation tot ale in Lichnerowicz's terminology. 
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defines a singular double form, then in the bi -vector space R6 the 
matrix II Hab II of this tensor reduces to the canonical form charac
teristic of type N in Penrose's diagram (degenerate type 2 in the 
Petrov classification). 

Let a space V4 satisfy the Lichnerowicz criterion. Then from 
the foregoing proof it admits of the existence of a vector za. satisfy
ing equations (6.17). Taking the algebraic properties of the 
Weyl tensor (3.25) - (3.26) into account and making use of 
Lichnerowicz' s results, we arrive at the conclusion that the tensor 
c~flv5 belongs to the degenerate type 2 according to Petrov Is 
classification. Thus we obtain the following theorem: a space
time V4 sat i sf yin g the L i c h n e row i c z c r it e rio n o f 
total gravitational radiation belongs to the 
degenerate type 2 as regards the algebraic 
structure of the Bayley tensor 1911. 

4. Conformal representation of gravitational wave fields 

To illustrate the applicability of the Lichnerowicz criterion, we 
will consider a study undertaken by Konopleva I 92, 93 I of the con
formal representation of purely wave like gravitational fields. Let 
v4 be the space -time defined by the conditions 

R~;).J = 0, 
R v 1.0 2Cv R~). 

1'- = - 'VI. .~).II ' 

where lc is the gravitational constant, and C~~)."' is the W eyl confor
mal curvature tensor.':' As the Einstein spaces (3. 7) satisfy these 
conditions trivially, we will assume that the given V, is a non
Einstein space conformal to a certain Einstein space V~. The con
ditions for feasibility of such a representation can be reduced to 

1-'· 2 2aR'··v.v Rt~;).J = e- ,). .. a., 

• These relations were obtained by the method of compensating fields of the Yang -1\!ills type in 

the theory of gravitation with the Lagrangian 

- !:: ...... ~ L- R + 41t RIJ.v~).R 

In the Einstein theory they are to be interpreted not as field equations but rather ·as conditions 

for distinguishing a certain class of gravitational fields (including, in particular, all Einstein 
spaces). 



6. LICHNEROWICZ'S CRITERION 61 

where R~AIJ.V is the Riemann tensor for the space v~ and C1v = a.a. 
Hence V~ satisfies the condition 

i.e., V~ is an Einstein space of the Petrov degenerate type 2, 
satisfying the Lichnerowicz criterion for pure gravitational radia
tion; a. is an isotropic vector describing the propagation of the 
gravitational wave front. 

Just as in electrodynamics the equations 

enable one to express Maxwell's tensor Ffiv in terms of the vector 
potential A..,. and its first derivatives, so the initial equations 

make it possible to express the Ricci tensor in terms of the vector 
a~. and its first derivatives: 

In view of the fact that the vector ali is a gradient and making 
use, by analogy with electrodynamics, of the Lorentz-type condition 
a~ = 2 x/3 , we obtain the wave equation for the vect9r ali: 

Thus in the Einstein space V~ the vector 'h satisfies the 
Lichnerowicz condition for a purely wavelike gravitational field, 
while in the original v4 conformal to it, it describes gravitational 
waves in the same sense in which the vector potential of the electro
magnetic field satisfies the covariant wave equation. 



Chapter 7 

THE ZEL 'MANOV CRITERION 

1. Generalized wave operator 

The criterion for the existence of gravitational waves formulated 
in /94/~' on the basis of a general idea of Zel•manov presupposes the 
use of the following covariant generalization of the 
wave operator: 

(7.1) 

The generally covariant wave equation for an arbitrary tensor field 
Q~::: will then be 

DQ~::: = K~:::, ·(7 .2) 

where KL: is a tensor containing no derivatives higher than the 
first of Q~:::. An equation of the form of (7.2) was used by Tolman 
/63/ to describe electromagnetic waves in Riemannian space-time. 

It is evident that a homogeneous equation of the type of (7.2) is 
trivial for the metric tensor ga.B, and that in the case of Einstein 
spaces it is trivial for the Ricci tensor Ra.B too. Hence the idea of 
writing such an equation for the Riemann tensor Ra.r,v&, which is 
what A. L. Zel'manov suggested. Note, however, that equation 
( 7. 2) for tensor Ra.Bvs, 

(7.3) 

• The earliest work on gravitational waves based on the wave operator (7 .1) dates back to 1962 
(see Ivanenko's foreword to the Russian translation of the book by Weber /95/ ). Subsequently 
Roy and Radhakrishna independently suggested /96/ defining gravitational waves by means of 
the application of the operator (7 .1) to the curvature tensor. 

62 
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is also trivial (i.e., becomes an identity) in the case of symmetric 
spaces, for which the Riemann tensor is covariantly constant, 
Ra.r.v&;a = O(in this case, of course, one must have Ka.r.v& = 0). 
Equation (7.3), moreover, can also become an identity for certain 
special choices of the tensor Ka.r.v& + 0. Thus if we take 

K 1 R R R ... P R···a 2 (R""" PR ... a R···P R. ··o) 
cxf3y& = 2 • cx{ly&- cx~O· y&p. - a&cx• j!pY•+ Y""" I!P&• , 

then equation ( 7. 3) is satisfied identically for all Einstein spaces 
(3. 7) /97/ (see also Appendix I, Theorem 3). 

Thus if one approaches the concept of gravitational waves on the 
basis of equation ( 7 .3), it is necessary to demand, first, that the 
space-time V4 not be symmetric, and second, that it be specified 
by a choice of the tensor Ka.r.v&· The Zel'manov criterion is based 
on the assumption* that Ka.r.v& = 0. 

Zel'manov criterion. The space-time V4 describes 
gravitational waves if and only if its Riemann 
tensor Ra.r.v&: 1) is not covariantly constant, i.e., 
Ra.r.v&:a=l= 0, 2) satisfies the generally covariant 
wave equation: 

DRcxlh'& = 0. (7.4) 

2. Characteristics of the generalized wave equation 

In order to establish the physical base of the Zel'manov 
criterion -which might seem at first glance to be somewhat formal 
and artificial -it is important to investigate the characteristics of 
the tensor equations ( 7 .4) as a system of differential equations of 
second order in which the unknowns, strictly speaking, are the 
components of the curvature tensor Ra.r.v& • 

As Savel'eva shows /99/, the left-hand side of equations (7.4) 
can be reduced by identity transformations to the form 

(7.5) 

where the following notation has been introduced: 

• In /98/, equation (7.3) is discussed under the assumption that x .. ~Jy& :/= 0. 
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La.fly& (f0
) = - [(f~ y- fpf~) Ra.fla& + (r~ a.- fPf~a.) Rafly& + 

+ (f~ ll- rpr~ll) Ra.ay& + (f~ 5 - fl'r~a) Ra.(lya + f 0 
Ra.fly&, a), 

Qa.(lys(f~a) = (f~.g;~- g~'-"r~Yr~.) Ra.lla& + 
+ (r~. g~~- g~'-"r~r~.) RallY& + (r~.g;~- g~'-"r~r~.) Raay& + 

+ (r~. g~ - g~'-"r~r:.) Ra.flya- g~'-v (r~yRa.(la&, v + 
+ r~a.Ra~y& v + r~Ra.rhs, v) + r;:_., R«f>ya, v)-

- g~'-" (f~ Ra.pus. )1 + r~a.Ra(ly&, ~' + r~flRa.ay&, ~'- + r~aRa.(lya, .. ). 
Qa.(lys (R~) = - [R~ RaJla& + R~RaJly& + R~Ra.oy& + RSRa.Jlyal. 

Here, as earlier, ra = - g"il r~ll· We see that in the identity 
(7.5) the term La.r.v& is expressed algebraically in terms of the 
quantities ra and their derivatives and that it therefore vanishes for 
ra = 0, i.e., in the harmonic coordinate system. The term Qa.r.vs 
is expressed algebraically in terms of the Christoffel symbols r~, 
and therefore can be made to vanish at any specified point in space-time. 
The term Qa.r.vs is identically zero in empty space-time ( Ra.r. = 0). 

Let a harmonic coordinate system be introduced in the region of 
empty space-time under consideration. Then the terms La.flv& and 
Qa.r.vs in expressions (7.5) vanish identically. Let us further assume 
that the chosen coordinate system is locally geodesic at a certain 
specified point M, Then at M, firstly, the term Qa.flv& vanishes; 
secondly, the matrix I! gP0 !I assumes the canonical form for the 
signature(+, -, -, -). Thus equation (7.4), considered as a 
system of second-order partial differential equations for the com
ponents of the curvature tensor Ra.flv&, is hyperbolic. 

Examining the Cauchy problem with given initial data Ra.r.vs and 
Ra.r.vs,o on a hypersurface S of the form (2.16) (in a locally chosen 
coordinate system), we reduce the system of equations ( 7 .4) to the 
form 

where the dots denote terms not containing derivatives Ra.flv&,oo and 
therefore completely determined by the initial data. Hence the charac
teristic equation for the system (7 .4) in the given coordinate system is 
the equation goo =0. Writing it in general coordinates (as was done for 
Einstein's equations in empty space in Chapter 2), we arrive at the 
conclusion that the characteristic hypersurface of the 
system of wave equations (7.4) is identical with the 
characteristic hypersurface of Einstein's equation 
(2.15), where the function (jl satisfies the eikonal 
equation (2,22). 
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Consequently, the generally covariant wave equations ( 7 .4) in 
empty space describe the propagation of the discontinuities of the 
second derivatives of the Riemann tensor Rar.v& along the bicharac
teristics (isotropic geodesics) of Einstein's equations. 

Furthermore, from the notation (7.5) it can be concluded that 
in empty space, in a certain coordinate system (namely the 
harmonic system) the generally covariant system ( 7.4) becomes 
an ordinary system of wave equations for each component of the 
Riemann tensor in the neighborhood of any point M: 

(7.6) 

This links the Zel'manov criterion directly to the ordinary meaning 
of "local waves of curvature" in the neighborhood of a point M. 

3. Zel'manov criterion and Petrov' s classification 

In order to determine the Petrov type of the gravitational fields 
satisfying the Zel'manov criterion, we will confine ourselves to the 
case of the Einstein spaces *Ti: 

(7.7) 

In spaces *T 1, as is known, the following identity holds /97/: 

(see Appendix I, Theorem 3). From (7.8) follows an obvious result: 
in order for the Riemann tensor of the space *T 1 to satisfy equa
tions (7.4), it is necessary and sufficient that it satisfy the 
conditions 

Writing conditions (7.9) in the hi-vector space R 1 in a canonical 
nonholonomic orthogonal frame and making use of the canonical 
form of the matrix of the curvature tensor (3.11), (3.14) - (3.18), 
we arrive at the following conclusions /100, 101/. For the spaces 
*T1 conditions (7.9) lead to the system of equations 

U1 (a2 - as) - ~1 (~2 - ~a) = 0, 

~1 (~ - (Xa) + ~ (~2 - ~a) = 0 
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and four more equations, obtained from the above by cyclic 
permutations of the indices 1, 2, 3. These equations are the 
integrability conditions, written down in R1 , of the equations 

Ra.lh•&, a = 0, (7.10) 

which define symmetric spaces (/65/, p. 399). The new system of 
equations obtained by covariant differentiation of the integrability 
conditions is identically satisfied by virtue of the initial equations 
(7.10). Consequently, any space *T1 defined by conditions (7.9) is 
a symmetric space. 

For the spaces *T2 relations (7.9) can be written in the canonical 
orthogonal frame as a system of equations / 101/ which are 
consistent only under conditions 

a1 = a2 = 0, ~1 = ~2 = 0, x = 0. (7.11) 

As we saw, these conditions define an empty space T1 of the 
degenerate second type (type N on Penrose's diagram). Conse
quently, the spaces *T2 defined by relations (7.9) can only be T1 

spaces ( x = 0) of type N. 
Conversely, it we write down relations (7.9) in the canonical 

orthogonal frame in the bi -vector space R1 and recall conditions 
(7.11), we see that relations (7.9) are satisfied identically, i.e., 
any Einstein space T2 of type N will satisfy conditions (7.9). 

Finally, writing down conditions (7.9) in the canonical orthogonal 
frame for the spaces *T3, we see that for any x they lead to a 
contradiction. This means that the spaces *T8 cannot satisfy 
conditions (7.9). 

As Petrov shows /57/, there exist only two symmetric spaces 
*T2 ; they belong to the degenerate type 2 of spaces T2 (x = 0) and in 
the special coordinate system they are described by the metrics 

ds2 = 2dx0dx1 - sh2 x 0dr 2 
- sin2 (x0 + k) dx3 2 

ds2 = 2dx0dx 1 + ch2 x 0dx2 1 + cos1 (x0 + k) dx31 

(k = const). 

(7 .12) 

Thus, E ins t e in s p a c e s sat i sf yin g the Z e l' man o v 
criterion can only be empty spaces V4 (x = 0) of 
Pet r ov type N. Conversely, any empty space-time of type N 
-except for the two symmetric spaces (7.12) -will iiatisfy the 
Zel'manov criterion. 



7. THE ZEL'MANOV CRITERION 67 

4. Relationship between the Zel'manov and Lichnerowicz 
criteria. Examples 

The relationship between the Zel'manov and Lichnerowicz 
criteria in the case of empty V4 is easily determined on the basis 
of Petrov's algebraic classification. We already know that free 
gravitational waves in Lichnerowicz's sense of the term corres
pond to type N fields on Penrose's diagram. Consequently, any 
empty V4 satisfying the Z e l' man o v c rite rio n w i 11 
also satisfy the Lichnerowicz criterion. Con
versely, any empty V4 satisfying the Lichnerowicz 
criterion- except for the two spaces (7.12)- also 
satisfies the Zel'manov criterion. 

For general v4 spaces (Ra.~ =I= xga.~) I the general relationship 
between the Zel'manov criterion and Petrov's classification- and 
also between it and the Lichnerowicz criterion - still remains 
unclear. However, one can already state that there exist gravita
tional fields of the form Ra.~ =1= xga.~ that satisfy the Zel'manov 
criterion. A number of such solutions of Einstein's equations with 
a nonzero right-hand side 

(7.13) 

interpretable as the energy-momentum tensor of an isotropic 
electromagnetic field, are given in /102, 103/. 

The isotropy condition for the electromagnetic field F"v 
formulated in Chapter 4 imposes a rigorous restriction on the 
energy-momentum tensor 't'a.~. and therefore also -due to the field 
equations (7.13) -on the Ricci tensor. In order for the metric c .. v 

to describe a gravitational field with the energy-momentum tensor 
of an isotropic electromagnetic field, it is necessary and sufficient 
that the corresponding Ricci tensor R..,.v satisfy the following set of 
conditions: the Rainich-Wheeler algebraic conditions /36/ 

(7.14) 

and the Nordtvedt-Pagels differential conditions /104/ 

(7.15) 
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In turn, in a number of cases /103, 105/ the existence of the 
electromagnetic wave front leads to an additional symmetry pro
perty of the space-time V41 interpretable in terms of groups of 
motions of the given V4 (continuous groups of coordinate transfor
mations preserving the functional form of the metric; see, for 
example, /58, 106/). That is, the metrics of these V4 admit of 
5-parametric groups of motions Gr (1,::;:;: r,::;:;: 6) which leave unaltered 
the isotropic three-dimensional hypersurfaces *V3 that act as the 
wave front surfaces. If any point of a certain surface in V4 can be 
shifted via transformations of the group Gr to any other point of 
this surface, the latter is called a surface of transitivity of the 
group Gr. Thus the isotropic surfaces of transitivity of the groups 
of motions acting in such gravitational fields either are identical 
with electromagnetic wave fronts of (for r < 3) belong to to them. 

Let us look at a few metrics satisfying conditions (7.14)- (7.15), 
i.e., describing gravitational fields generated by electromagnetic 
radiation and accordingly admitting the group of motions Gr(r ;;:;;..3), 
which acts transitively on the isotropic hypersurface of the wave 
front /103/: 

1) the space-time described by the interval 

( 7 .16) 

admits ofthe group of motions G3 , G4 and G5 acting transitively on 
the isotropic three-dimensional hypersurfaces *V3 (here ay- 1}2 > 0). 

2) The space-time described by the interval 

admits of the group of motions G4 acting transitively on the iso
tropic hypersurface *V3 • The requirement that the density-pressure 
of electromagnetic radiation be positive - R 00 < 0 -imposes the 
following condition on the function rx for a Lorentz signature at the 
point: 

(
&a.)2 ()2a. 1 0 1) - -2rx->- (u=x +x. 
&u &u2 

3) The space-time described by the interval 

in other words, the space time with the metric tensor 
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(7.19) 

0 

admits of the group of motions G3 acting transitively on the iso
tropic hypersurface *V3• The requirement that R 00 < 0 for a 
Lorentz signature reduces to the following conditions upon the func
tions entering in (7.19): 

2m[&~m + (&13 )"-&a.&; -1]- (&m)" < 0 
&u~ &u &u &u &u ' 

where m = cxy- ~2 • Obviously, these conditions are easily satisfied 
by choosing suitable functions <X, ~ and y. 

A direct check easily shows that the metrics (7.16)- (7.19) 
satisfy the Zel'manov criterion. Moreover, as shown in /107/, the 
spaces v4 with these metrics admit of an isotropic field za. = {J~ 

satisfying the equations (6.10) - (6.11), i.e., they describe gravita
tional waves in Lichnerowicz' s sense as well. 

However, there are solutions of the gravitational equation 
(7.13) with 'ta.~=l= 0 which satisfy the Lichnerowicz criterion but not 
the Zel'manov criterion. Examples of this kind- obtained in /91, 
107, 108/- will be discussed in Chapter 10. 



Chapter 8 

OTHER CRITERIA FOR GRAVITATIONAL FIELDS 

1. The Debever criterion 

Debever' s approach to the question of the wave properties of 
gravitational fields is based on their relationship in empty space
time with the isotropic vector fields. 

As we know from the works of Debever /66, 81, 109/, Bel /80/, 
Sachs /110/ et al., in an empty V4 one can associate with the 
Riemann tensor two isotropic two-dimensionalhypersurfaces, which 
are jointly spanned at every point by four isotropic vectors: l(N) ( N = 1, 
2, 3, 4). Making use ofthe canonicalform ofthe matrix ofthe curvature 
tensor in hi-vector space ~ Rab 11. one can show that in every empty 
V4 there exists at least one and at most four isotropic vector 
fields l(NJ =1= 0 satisfying the equations 

(8 .1) 

(Debever's theorem /66/ in the formulation of Sachs /110/). 
Let us define, in accordance with Debever, the super energy 

tensor 

Vaa>. ... = -}p [(gaaP>.!J. + g>.!J.Pal> + Ca>.PI>\l + gi>IJ.Pa>. + 
+ Ca>.Pa!J. + gatJ.P0~)- ~ Lai>>.!J.] • (8.2) 

where p is an arbitrary nonzero scalar and we have introduced the 
completely symmetric tensor 

L 1 LMNQ 
o:B>.IJ. = 24 P la l(J h l!J., 

(L,M, N, Q) 
(8.3) 

in which P denotes summation over all permutations of the indices. 
Moreover, in (8.2) we find the quantities 

70 
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and it is assumed that L + 0. 
The Debever tensor (8.2) in empty space-time has the following 

properties 1811: 1) it is completely symmetric; 2) all its contrac
tions with the metric tensor vanish: 

(8.4) 

3) the tensor Va.~l, ... is conserved: 

(8.5) 

4) the tensor Va.~A ... satisfies the algebraic identity 

(8.6) 

where 
a - 1 - 2 (128)~ (lu)1 + (lu)~ (lu)2 + (11.2)~ (lu)2 

- (l2slu +lulu+ lt~la•)• ' 

l(MN) = ga.l> l(M)zrN)· 

We can easily see that the properties of the Debever tensor (8.2) 
reveal its profound similarity to the Bel superenergy tensor (5.3). 
Going over to the canonical orthogonal frame and taking the 
concrete form of the isotropic vectors za., we can show that, upto 
a scalar factor, the two tensors are identical: 

Hence the Debever tensor, like the Bel tensor, can serve as a 
basis for defining the "superenergy flux" of the gravitational 
field. Thus the Debe v e r c rite rio n is completely 
e qui valent to the first Bel c rite rio n. 

2. Gravitational waves of the integrable type 
{Hely and Zund-Levine criteria) 

In the works of Hely I 111 - 11 7 I, and also of Zund and Levine 
1118- 1201, gravitational waves are defined according to 
Lichnerowicz but with certain additional restrictions upon the 
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space-time metric. Carrying into effect the idea of Lichnerowicz 
I 621, Hely examines gravitational fields satisfying the criterion of 
"gravitational waves of the integrable type."':' 

By definition, the s p a c e -time V4 de s crib e s g r a v it a -
tional waves of the integrable type if it admits of 
a vector field za. which satisfies, in addition to 
equations (6.10) -6.11), and the isotropy condition 
f o r l"- w h i c h f o ll o w s f r o m t h e m , t h e f o 11 o w i n g 
gradient condition as well: 

where l is a scalar function of the coordinates. 

(8. 7) 

An example of free gravitational waves of the integrable type 
is the gravitational field described by the metric 11131 

(00) 

g,_~ = ga.~ + 2qy)a.lfl, 

(00) 

where Ca.{l is the flat space-time metric, 

l,_ = fa./"f,, 

za.z"" = o, 

(8.8) 

(8. 9) 

¢ and fv are five arbitrary functions of the argument l and q is 
a scalar. 

An example of a gravitational field corresponding to the case of 
total gravitational radiation of the integrable type is considered 
in I 114, 1151. The corresponding metric is written as follows: 

(00) 

ga{l = ga.{l + laul> + laua., (8.10) 

where the vectors ua and la. (8. 7) satisfy a certain system of 
differential equations which follow from equations (6.10)- (6.11). 

Zund and Levine I 119 I introduced a definition of "total gravita
tional radiation of special type": the space-time V4 cor r e
sponds to the case of total gravitational radiation 
of special type if it 1) is conformally flat and 
2 ) a d m i t s 0 f a c 0 v a r i a n t l y c 0 n s t a n t v e c t 0 r f i e l d za 
satisfying the Lichnerowicz conditions (6.10)-(6.11), 

• "De type integrable" in the Hely-Lichnerowicz terminology. 
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as well as the equations 

(8.11) 

where ,; is a scalar defined by the system of equations ( 6.15) which 
follows from equations (6.10) - (6.11). 

The class of gravitational fields satisfying this definition is con
siderably narrower than the class of fields describing total gravita
tional radiation of the integrable type according to Lichnerowicz. 
Indeed it is easy to show that the metrics which describe total 
gravitational radiation of the special type should be representable 
as 11191 

{00) 

ga.l> = a-ZqJ2(f...)ga.f>' 

A. = x0 + x1, a2 = const =1= 0, 

where the function <p (A.) satisfies the condition 

(8.12) 

and ot, ~ and Y are numerical coefficients. The components of the 
vector l"- are of the form (8.11), the scalar ,; has the form 

,; = 2 <p- 6 [2 (<p')2 - <p<p"] =1= const, (8.13) 

and the prime designates differentiation with respect to A.. 
As Zund and Levine point out, not all gravitational fields which are 

fields of total gravitational radiation in Lichnerowicz 1 s sense and 
the sense of equations (6.10)- (6.11) satisfy the Zel'manov 
criterion and equation (7.4). However, every total gravitational 
radiation of the special type in the sense of Zund and Levine, as 
one can demonstrate I 119 I, automatically satisfies the Zel'manov 
criterion. This point has a bearing on the question of the relation
ship between the Zel'manov and Lichnerowicz criteria in the case 
of nonempty space-time. 

3. The Maldybaeva criterion 

The criterion for gravitational waves proposed by Maldybaeva 
11211, like the Zel'manov criterion, is based on a generally co
variant generalization of the d'Alembertian. Instead of the oper
ator (7.1), however, the gravitational waves are described with the 
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help of the de Rahm operator I 42 I 

!l = d~ + M, (8.14) 

where dis the operator of exterior differentiation (see 1122/) and 
~ the operator of co-differentiation (see 1421), i.e., for taking the 
divergence of skew differential forms. 

Due to its structure, the operator (8.14) is applicable only to 
poly linear skew differential forms. Consider, for instance, its 
application to the bilinear skew form 

(8.15) 

where Fa.~ is the electromagnetic field tensor. Maxwell's equations 
for the electromagnetic field in a region free of sources can be 
written in the form of two groups of equations 11231: 

dF = 0, ~F = 0, (8.16) 

from which it follows that the 2-form F satisfies the generalized 
wave equation 

!lF = 0. (8.17) 

Equation (8.1 7) was first obtained by Tolman I 631. We note that, 
unlike the operator (7.1), the operator (8.14) has a number of funda
mental topological 1421 and group 11241 properties. The idea of 
applying this operator to the study of gravitational wave fields was 
put forward by Lichnerowicz I 43 I. 

To describe gravitational waves in terms of the Riemann tensor 
Ra.~vs, one constructs a 4X4 square matrix II Qa.~ 11, the elements of 
which are the bilinear skew forms 

(8.18) 

("curvature 2-form" in Lichnerowicz's terminology I 125/). 
According to Maldybaeva's definition, an empty space-

t i m e w i t h t he R i e m ann t e n s o r Ra. ~ vs d e f i n e s g r a v i t a -
tional waves if the corresponding curvature 
2 - f o r m Qa. ~ s a t i s f i e s t h e g e n e r a l i z e d w a v e e q u a t i o n 

(8.19) 
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where the operator !lis given by formula (8.14) and the 2-form Qaa 

by formula (8.18). 
Expressing the operator !l in terms of the covariant derivatives 

with the help of the de Rahm formula 1421, we write equations (8.19) 
in the tensor form 

(8.20) 

where the operator Dis given by formula (7.1). 
Extending the arguments to the case of the Einstein spaces (3. 7), 

we obtain the equations 

(8.21) 

Making use of the identity (7.8) and writing down equations (8.21) 
in the canonical orthogonal frame, we can show that they are satis
fied if and only if the Riemann tensor belongs to Petrov' s 
degenerate second type (type N of diagram (3.20) for x =0, see 
I 126/). 

Thus the Maldybaeva criterion is satisfied by 
Einstein spaces of the de generate second type T1 

and only by these. In Einstein spaces, therefore, the 
Zel'manov and Maldybaeva criteria demarcate the same class of 
gravitational fields; symmetrical spaces (7.12) of the type N, which 
satisfy the Maldybaeva criterion but not the Zel' manov criterion, 
constitute an exception. 

4. Misra-Singh criterion 

The criterion for gravitational waves given by Misra and Singh 
I 127, 1281 is based on the concept of an isotropic gravitational 
field definable with the help of the Matte symmetrical tensors (5.10) 
and (5.11) discussed above. It is easily seen, by passing to the 
coordinate system in which la. = ~: that the rank of each of the 
matrices 11 [ga.~ 11 and ~ 3Ca.~ ~ does not exceed 3. Further, the tensors 
[ga.>. and .'1ta.>. are oriented in space: 

f£aA u>- = 0, 
3fa>.U>- = 0. (8.22) 
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Thus in a certain sense the tensors Cffa.~ and :fta.~ are analogous to 
the three-dimensional vectors E' and Hi of the electric and 
magnetic fields /82/. It is therefore possible to construct a defini
tion of isotropic gravitational fields based on the analogy with the 
isotropic electromagnetic field (Chapter 4). 

In this approach the isotropic gravitational field is character
ized, firstly, by identity of the eigenvalues of the matrices II [ga.,_ 11 

and II Jea.'- II (analogy with the identity of the moduli of the electric and 
magnetic field vectors) and, secondly, by the fact that one of the 
eigendirections is common to both matrices (analogy with the 
mutual orthogonality of the three-dimensional vectors Ei and H'). 
Introducing a third requirement -that the eigenvalues of the 
matrices 1/{ga.,_ll and II Jea.'- II equal zero -we arrive at the Misra
Singh criterion: an empty space-time V4 having the 
Riemann tensor Ra.BvfL d esc rib e s g r a vita tiona l 
waves if and only if the tensors (5.10) and (5.11) 
satisfy the relations 

(8 .23) 

(8.24) 

In their study of the properties of gravitational fields in empty 
space satisfying the above criterion, Misra and Singh prove two 
important theorems. The first states that a space-time satisfying 
this criterion admits of the existence of the isotropic vector field 
za. for which the following conditions are fulfilled: 

(8.25) 

But according to the known result of Debever I 66 I and Bel I 80 I 
(see Chapter 3, Section 4), the empty space-time V4 defined by 
condition (8.25) can only belong to types Nor III of Penrose's 
diagram (3.20). 

The second theorem states the following: in order for the space
time V4 to describe gravitational waves in the Misra-Singh sense, 
it is necessary and sufficient that its Riemann tensor satisfy the 
equations 

(8.26) 

By writing down these equations in the canonical orthog~:mal frame 
for the canonical form of the matrix of the Riemann tensor, we can 
again show that they are always satisfied for fields of types Nand 
III of diagram (3.20) and only for these. 
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Thus in order for an empty space-time V4 to 
satisfy the Misra-Singh criterion, it is necessary 
and sufficient that it belong to the Petrov type N 
or III. The Misra-Singh criterion is therefore 
equivalent to the second Bel criterion. 

The Misra-Singh criterion was extended by its authors /127/ to 
the case of nonempty space-times V4 (fields of total gravitational 
radiation). To arrive at this extension it is sufficient to formulate 
the definition of the isotropic gravitational field in terms of the 
Weyl tensor Ca.~v& (see Chapter::., Section 3). Indeed, by analogy 
with the Matte tensors !€a.>- and :fta.>-• we introduce the symmetric 
tensors 

Defining the isotropic gravitational field in the general case with 
the help of the tensors 1fa.'- and ?lea.'- in precisely the same way as 
we defined it for the empty gravitational field with the tensors [ga.>

and :fta. 1., i.e., by means of the equation 

we can formulate the following theorem: in order for the space
time V4 to satisfy the definition of total gravitational radiation of 
Misra and Singh, it is necessary and sufficient that it belong to 
type N or III as regards the algebraic structure of the Weyl 
tensor Ca~~&· 



Chapter 9 

PROPAGATION OF GRAVITATIONAL WAVES 

1. Gravitational geometric optics 

So far we have been chiefly concerned with generally covariant 
formulations of concepts and criteria fundamental to the study of 
gravitational wave fields. The question of the propagation of 
gravitational waves, i.e., the analysis of definitions of wave front, 
propagation trajectories (rays) and so on, has essentially been 
disregarded. 

By an analysis of the Cauchy problem for the system of equations 
of the gravitational and electromagnetic fields in the Riemannian 
space-time V4 it was shown (Chapter 2) that the fundamental ideas 
of geometrical optics are common to the electromagnetic and the 
gravitational field. Indeed, as in the theory of electromagnetic 
waves in Maxwell's electrodynamics, the law of propagation of 
gravitational waves is determined by the eikonal equation (2.22). 

The solution of this fundamental equation -
the s c a 1 a r fun c t ion <p (x") known a s the e ikon a 1 -
defines the hypersurface of the gravitational 
w a v e front ( 2.15), as well as the trajectories of wave propagation, 
which form a congruence of lines of flow of the isotropic vector za. 
(2.25). The vector za. willbetermedthe wave vector ofa 
gravitational wave. 

To different solutions of the eikonal equation there obviously 
correspond different wave front types, which in turn physically 
define distinct types of gravitational waves. Hence the problem 
arises of establishing a generally covariant classification of gravi
tational wave types based on the properties of the wave front. 

Although there exists as yet no universally accepted definitive 
solution of this problem, in a number of instances it ha.s proved 
possible to give a generally covariant description of gravitational 
wave types based on certain specific wave front properties definable 
in terms of the wave vector za.. Indeed, by specifying in a 

78 
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space-time V4 an isotropic vector field which guarantees the 
existence of a solution of the eikonal equation - i.e., which is a 
gradient field as in (2.25) -we can classify gravitational waves 
according to the properties of this vector field. Our task is made 
easier by the fact that the solution of the problem of the existence 
of isotropic fields (Debever vector fields in particular) in the 
space-time V4 is in many instances helpful in establishing the 
algebraic type of the space-time V, according to the Petrov 
classification. 

Two types of gravitational waves, plane and spherical, 
have been determined in this way. The names themselves are 
determined by the geometric analogy with plane and spherical 
electromagnetic waves, based on the similarity between the laws of 
geometrical optics for gravitational and for the electromagnetic 
fields. We will be making extensive use of this analogy in the 
physical interpretation of corresponding types of gravitational waves. 

2. Spherical gravitational waves. Examples. 

According to the Robinson-Trautman definition 1129-1311, the 
metric of a space-time V4 describes a field of spherical gravita
tional waves if the given V4 admits of an isotropic vector field l"' 
satisfying the equations 

lra:0J = 0, 

l l a;; " 1 (l"' )2 0 (a;P) -2 ;ex = • 

(9.1) 

(9.2) 

(9.3) 

The first of these conditions means I 57 I that the vector field l"' 
is a gradient field, i.e., that it can be represented in the form 
(2.25). Then, due to the isotropy of l"', the equation q> (.x«) =a, 
where a is a parametric constant, describes the family of 
characteristic manifolds of Einstein equations satisfying the eikonal 
equation (2.22). 

As we saw earlier (Chapter 2), the trajectories of the vector 
field l"' satisfying equations (2.22) and (2.25) constitute a family of 
bicharacteristics of the Einstein equations and are therefore iso
tropic geodesics in the space-tin:e V4 with the metric Car.· Then 
from the physical point of view condition (9 .2) means the absence of 
distortion of the form of the shadow thrown upon· a screen by an 
opaque object illuminated by light rays moving along the 
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trajectories of the vector l"- I 131 - 1341. Condition (9.3), in turn, 
implies magnification or reduction of the shadow compared with the 
object itself (unlike the case of plane electromagnetic waves, for 
which l~,_ = 0 always I 135/). 

Indeed, let a given congruence of isotropic geodesics with the 
tangent vector za. define the trajectories of propagation of light. 
Consider a small opaque object illuminated by the light rays and 
casting a shadow on a screen placed orthogonally to the rays. It 
can be shown / 110 I that all parts of the shadow reach the screen 
simultaneously. We now shift the object by parallel displacement 
along the rays to the position occupied by the screen and compare 
its dimensions with those of the shadow. If the screen is placed at 
a distance dr from the object, its shadow will be subjected to the 
rotation w dr, the shear or distortion I a I dr and dilation or 
contraction edr; the scalars e, wand cr are given by 171, 1361 

1 a; 2 1 l l"'; 0 2 1 l l"'' (3 2 e = 2 l; "'' (i) = 2 [a; 01 ' a = 2 (a;~) • - e . 

The interpretation of the "optical scalars" e, w and cr is based 
on the following hydrodynamic analogy. Let u"' be the field of the 
timelike unit vector by means of which we specify the 4-velocity of 
an ideal fluid. Then the kinematics of an infinitesimal volume 
element of the fluid will be described by the coefficients of the 
following expansion of the covariant derivative of the 4 -velocity: 

Here 

aa. = ua;0u0 is the so-called "4-acceleration vector" (equal to zero 
for geodesic congruence), g = U 0 ;0 I and the tensors 

are respectively the tensors of the angular rotation velocity and shear 
rate of the volume element in the geodesic coordinate system (Fermi 
system) fixed along the trajectories of vector ua.. The scalars of 
rotation (;) and shear (distortion) a of the trajectories . u"' are 
defined in terms of the tensors wa.~ and a,_r>: 
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- 1 - 1 
W

2 = 2 Waaw"'P, a2 = 2 Oaaa"'l> • 

As Kundt shows /137/, the condition w=O is not only necessary 
but also sufficient for the fulfillment of condition (9.1), i.e., 
specification of a congruence of isotropic geodesics without 
rotation is equivalent to specification of the wave front surface. 

Robinson and Trautman /130/ have obtained the class of exact 
solutions of the Einstein equations in empty space describing 
spherical gravitational waves and comprising -as Foster and 
Newman demonstrate /138/ -all algebraically special 
gravitational fields, i.e., fields of Petrov types D, II, N and III. 
This class of solutions is represented by the metr;ic 

ds2 = 2dx0 dx1 + ( K - 2H x1 - ~ ) dx02 
-

-xl2p-z{ldx2+ Q,adxOJ'+ [dxs+ Q,adxo]'}, 

M = M(x0 ), P = P (x0 , x2 , r'), Q = Q (xO, x1 , r'), (9.4) 

where the functions Hand K are given by the formulas 

H = p-•p,o + P (P-1Q).2a - PQ (P-1),23, 

K = P (P,22 + P,aa) - (P,2)2 -·- (P,a)2. 

In this coordinate system, the gravitational wave front is 
expressed by the equation ,x0=COnSt While the isotropic vector za 
orthogonal to it is given by za = {J~, so that the trajectories of the 
gravitational wave (gravitational rays) are identical with the 
coordinate lines x1• 

The field equations (2.2) with respect to the metric (9.4) reduce 
to two relations: 

Q,22 - Q,aa = 0, 
K,22 - K,33 = 4P-2 (M,0 - 3H M). 

(9.5) 

The former allows one to make Q vanish by a coordinate trans
formation (conserving the form of the metric), so that in the new 
coordinate system the field equations reduce to the single (second) 
relation in (9.5). 

Studying the Robinson-Trautman metric (9.4) in a coordinate 
system in which Q =0, Bartrum /135/ demonstrates that it may be 
extended to the case of nonempty space-time, and more specifically 
to the case where an electromagnetic field is present. It can be 
shown, further, that the electromagnetic field is isotropic, i.e., 
both invariants (4.2) of the Maxwell tensor F .. v vanish. 
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For the Robinson-Trautman metric, only one of the components 
Tv.v is nonzero: 

where 

f.,E2 = + P 2 (K,22 - K,sa) - 2M,o + ( Q M I P) P,o· 

Making use of the theorem which he himself had proved earlier 
/139/ regarding the differential properties of the wave vector za., 
Bartrum obtained a particular solution describing a self-consistent 
system of spherical gravitational and electromagnetic waves pro
pagating along general trajectories -the lines of the vector field za.: 

ds2 = (2 - A) dr2 + Br2 (d<p2 + sin 2<p de 2) -

-2(1-A)drdt-Adtz, (9.6) 

where 

A = (!!.__)''• ( 2 t _!__)2n-~ M - 2M 
m g 2 3m •0 r ' 

B = ( ~ f'''(2tg ~ rn. m = const., M = M(:c0), 

(9. 7) 

n is an integer and the spherical coordinates r, qJ, 6, t are related to 
the "Cartesian" coordinates, in which Q has dropped out, by the 
usual transformation. A remarkable point is that in empty space 
for m = m0 the metric (9.6) - (9. 7) transforms into the Schwarz
schild metric. 

The Kerr-Schild solution /140, 141/ in empty space-time may 
also serve as an example of a gravitational field admitting of inter
pretation in terms of spherical gravitational waves: 

(00) 

Cv.v = Cv.v + 2Hlv.lv. (9.8) 

Here l~'- is an isotropic vector field; Cv.v zv.zv = 0, whence follows 
(00) 

also the condition Cv.•zv.zv = 0, and conversely; the function H(x") 
together with the vector za. satisfies the field equations 

• Op f ( ) a(alpJ + (H + 2He)l(a; 0)- Hg la.;h; a+ 2 bl,,.l;~ = 0, 9.9 
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where we have used the notation 

a...= (H + 2He),a.- 2H,pl~~- Hl~; ~~, 
.. a.tl 

b = 2H H - g If; a.ll• t l" 8=2 ;a.. if =la.H,a.. 

From the field equation (9.9) it follows 11411 that the vector l" 
is tangent to the congruence of geodesics of zero shear: o = 0, 
Assuming furtherthat this congruence has zero rotation, i.e., 
demanding that the vector za. be normal (lra.:fll =0), we obtain an 
empty gravitational field with gravitational waves propagating 
along the congruence za. 

In order for this gravitational field to correspond to spherical 
gravitational waves (i.e., in order for the condition 8 =I= 0 to be 
satisfied), it is necessary and sufficient that it belong to Petrov 
type II or D (Mas I 142/). If this condition holds, the metric (9 .8) 
becomes 

(00) 

C..,.v = C..,.v + 28l..,.lv. 

On the other hand, in the case 8 = 0 the corresponding gravita
tional field belongs to type N or III. This follows from the result 
of Kerr and Schild I 141 I, who demonstrated that the following 
relation is fulfilled for the metric (9.8): 

Moreover, from condition 8 =0 it follows that ii = 0 and thus 
the metric (9.8) satisfies the Bel criterion (5.20). In this last case, 
as we will see below, the Kerr-Schild metric describes plane 
gravitational waves. 

3. Plane gravitational waves. The Kundt definition 

A generally covariant definition of plane gravitational waves 
was given in two different ways by Bondi-Pirani-Robinson I 143 I, 
Penrose 11441 and Kundt 1137, 145-1471. 

According to the Kundt definition, the met ric of a s p a c e -
t i me V4 will de s c rib e a :f i e l d of plane ( or 11 plane -
f r o n t " ) g r a vi t at i o n a l w a v e s i f t h e g ~ v e n V4 

admits of an isotropic vector field za. satisfying 
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equations (9.1) -(9.2) and the condition 

l~a = 0. (9.10) 

As we already know, these requirements reduce to the 
following: that the trajectories of the vector za are isotropic 
geodesics. Here the first requirement, expressed by equation (9.1) 
(condition of existence of a wave front), means that the shape of the 
shadow cast by an object on a screen orthogonal to the rays (to the 
trajectories of za) is not deformed as it would have been had the 
object undergone a rotation with respect to its true position. The 
second requirement, expressed by equation (9.2), means that it is 
not deformed as it would have been had the object undergone a 
displacement. Lastly, the third requirement, i.e., condition (9.10), 
means that the shadow is neither magnified nor reduced by com
parison with the object itself (see 171, 131, 148/). 

Thus in his definition Kundt accounts for the main properties 
familiar to us from the study of plane electromagnetic waves in the 
Minkowski space-time, where the front of a plane wave travels 
parallel to itself along trajectories of propagation of light orthogonal 
to it, without any distortion. 

Chevreton 11491 has shown that a field of plane gravi
tational waves satisfying the Kundt definition in 
an empty space V 4 can only belong to Petrov 
type 0 (trivial case, RaBvs=O), type Nor type III. 
If it belongs to type N, the vector za will be covariantly constant: 
za;[> = 0. 

All empty spaces V4 of type N admitting of a covariantly constant 
vector field za are known 1105, 1501, and they constitute a class of 
solutions of the Einstein equations which have been determined up to 
the integration of a certain system of differential equations. Plane
wave solutions of this type will be discussed in detail in the next 
chapter. 

Kundt also obtains another class of solutions of the field equa
tions in empty space I 13 7 I, corresponding to plane waves in the 
sense of the definition which he introduced. Included among solu
tions of this class are fields of Petrov type N and type III. 

The Kundt metric was obtained in an isotropic tetrad, i.e., an 
isotropic quasiorthogonal frame {t", [a, za, ma}' of which the vectors 
P and ma are real and the vectors ta and [a. complex conjugates; 
further, l"ma = [ata = 1: 

ds2 = I dz + Bdu 1
2 + 2 dv du + H du2

, (9.11) 

where z = x + iy, and B and H are real functions of the coordinates, 



9. PROPAGATION OF bRAVITATIONAL WAVES 85 

such that 

B, v = 0, B,xx + B,yy = 0, H =- vB,x +A, A,v = 0, 

A,xx + A,yll + 2 BB,xx+3 B,xB,x - 2 B,xu+ B,11 B,11 = 2 -r. 
(9.12) 

Here the lines u are timelike and the scalar -r is given by 
equations (6.15). In a vacuum T = 0, whence it follows, in view of 
the isotropy of lrx, that for a nonempty space-time the metric (9.11) 
corresponds to the case of electromagnetic radiation. The general 
trajectories of propagation of electromagnetic and gravitational 
waves (lines of flow of the isotropic vector field za.) coincide with 
the coordinate lines v; in other words, if the v-coordinate is 
chosen as affine parameter on the congruence of the isotropic 
geodesics, the latter are given by the equations 

dxa = za 
dv ' 

and the wave front is given by the hypersurface u= canst. 

(9.13) 

The Kundt metric (9.11) is a special case of the class of metrics 
obtained by him in 11371. This class, according to Kundt, 
describes plane-front gravitational waves corresponding to more 
general conditions in which the vector za. is not necessarily normal, 
i.e., is not bound by the requirement that l[a: I'J = 0. 

In the case -r =0 (empty space-time.), the Kundt metric belongs to 
Petrov type N if B =0. According to the Chevreton theorem considered 
earlier, for B = 0 the Kundt metric describes a space-time which 
admits of a covariantly constant vector field za.. Such spaces V, 
will be discussed in detail in the next chapter. 

4. Plane gravitational waves. 
Bondi-Pi rani-Robinson definition 

As Goldberg and Kerr have shown I 151, 1521, the asymptotic 
behavior of gravitational fields set up by isolated sources is very 
similar to the behavior of plane electromagnetic waves in the 
Minkowski space-time. 

This result may be regarded as the motivation which led Bondi, 
Pirani and Robinson I 1431 to att~mpt to give a rigorously group 
definition of the concept of plane gravitational waves in empty 
space as a metric field satisfying two postulates: 1) the field is the 
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same at any point of the wave front; 2) the metric tensor, like the 
vector potential of plane electromagnetic waves, has a definite 
symmetry group. The group of motions G5, which leaves the iso
tropic hypersurface in V4 unaltered, is such a group. The equation 
of this hypersurface (which describes the wave front) is given, in 
a certain coordinate system, by 

x1 - x0 = const. (9.14) 

Petrov shows I 57 I that there exists only one space V4 of 
signature 2 admitting of a group of motions G5 which acts transi
tively on the isotropic three -dimensional hypersurface. In the 
coordinate system of (9.14) its interval is written as follows: 

(9.15) 

where A, B, C and Dare functions of the retarded argument :c'-- x0 

that satisfy the differential equation 

M"-+ M' (In M)'- M' (ln C)'- A' B'- (D')2 = 0, 

in which M = AB - D2 > 0 and the prime denotes differentiation with 
respectto x1 -x0 • 

Starting from results obtained by Takeno 11531, Johari 11541 
extended the Bondi-Pirani-Robinson definition to the case of non
empty spaces V4 satisfying equations ( 7 .13). Hely I 1121 and 
Johari I 1541 examined the concept of plane-polarized gravitational 
waves and defined the parameters of polarization. (Problems of 
this kind had been discus sed earlier by Rosen I 155 I, as well as 
Boardman and Bergmann I 1561.) In this connection an interesting 
work which stands alone is that of A vez I 15 7 I, in which a definition 
is given of monochromatic gravitational waves. We will now con
sider this work in some detail. 

5. Monochromatic gravitational waves. 
The Avez definition 

Pursuing the general electromagnetic analogy, Avez I 157 I calls 
a gravitational wave monochromatic if the correspond
ing wave vector (2.25) is harmonic, i.e., satisfies 
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the equation 

(9.16) 

In this case the complex function U = exp (t<p) is also harmonic: 

(9.1 7) 

this fact is invariant under the substitution <p- /(<p), where f is any 
function of the class C2 • As a result Avez was able to study mono
chromatic gravitational waves as the field of a simple periodic 
function U (XX). 

Let the wave vector za. satisfy the condition (9.1), and let, 
further, the isotropic geodesic congruence corresponding to it have 
zero dilation: 

lfa. = 0. (9.18} 

Then, obviously, it will satisfy equation (9.16) and be harmonic. 
The corresponding plane gravitational wave (in Kundt's sense) will 
be monochromatic. 

Avez studied in greatest depth the spaces V4 which admit of 
interpretation in terms of monochromatic gravitational waves. He 
started from the Einstein equations (1.1), taking the energy
momentum tensor of the ideal fluid plus electromagnetic field on 
the right (for TaB): 

(9.19) 

Here p, p and ua. are the density, pressure and 4-velocity, 
respectively, and X and 8 are constants representing the arbitrary 
nature of the choice of the energy-momentum tensor. 

The solution of the problem is given by the following theorem of 
Avez: gravitational fields definable by the energy-momentum 
tensor ( 9.19) admit of monochromatic gravitational waves only if 

1) p = p = 0 (i.e., the only source is the electromagnetic field); 
2) the gravitational wave front <p (XX) is defined by the condition 

(9.20) 

where et¥ is a certain vector orthogonal to la; 

3) the wave vector z:x. is an eigenvector of the tensor Ft¥r.: 

(9.21) 
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Noting that under these conditions 

l5RaBv5 =(flaB- flBa) l.., + lBfla-r- lafl~v' 

flaB = eB;a - eaeB 

and computing the quantities 

in accordance with Debever, we see that in the case of an empty 
space-time (TaB= 0) they vanish, i.e., they satisfy equations 
(5.20). This means, according to the second Bel criterion, that 
the given gravitational field belongs to type N or III. Thus, an 
empty space-time describes monochromatic 
gravitational waves only if it belongs to Petrov 
type N or III. 

To obtain exact solutions of the Einstein equations describing 
monochromatic gravitational waves, it is convenient to employ a 
coordinate system in which the components of the metric tensor 
are expressed explicitly in terms of the harmonic function 

U (x") = exp (i<p). (9.22) 

Then the g"''' which can be treated as the potentials of the gravita
tional field, are completely analogous to the vector potential of 
a plane monochromatic electromagnetic wave I 151 I: 

A ex= acx exp i (kr- wt). 

Let the solution be sought ih the form, say, 

(00) 

g~", = g~", + 2~,u (xa), (9.23) 

where a""'' is a constant symmetric tensor (analog of the amplitude 
of periodic oscillations). As "amplitude tensor" a"'v we choose the 
tensor 

(9.24) 

where l~ is a constant isotropic vector and e"' is a constant 
vector orthogonal to it.':' Further, let the eikonal <p in the chosen 

'' In a coordinate system in which the metric gf'Y is given by (9.23), the relations expressing the 
covariant constancy and orthogonality of the vectors assume the simple form of the ordinary 
relations of constancy and orthogonality in a Galilean metric. 
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coordinate system be given by 

ex (OO) ex f3 
(jl = lexX = Cext>l X , (9.25) 

so that 

(9.26) 

By substitution in equations (2 .2) it can now be shown I 159 I that, 
under the given assumptions, the metric (9.23) - (9.26) describes 
an empty V4 corresponding to plane monochromatic gravitational 
waves. The analogy between such a gravitational field and the field 
of plane monochromatic electromagnetic waves will become yet 
more striking if we express the metric (9.23) - (9.26) in the equi
valent form I 159 I: 

(00) 

Cv-v = Cv-v + 20v-v, 

Ov-v = llv-v exp [ilexxex) + ~y exp [- ilexxex), 

av-v• ~v-v = +(lv-ev + lvBv.) (A0 + iB0). 

The well-known Peres metric I 1601 

also belongs to the class of metrics (9.23) if one sets 

x3 = z = f (xl, x2, u), x0 = u = :J!l + .:i', 
aaa = aoo = aoa = - 1 

(9.27) 

(9.28) 

(9.29) 

(9 .30) 

(the remaining af'Y components are equal to zero). The field equa
tions (2.2) then reduce to a single condition of harmonicity of the 
function f in the arguments xl and x2: 

f,u + /,22 = 0. (9.31) 



Chapter 10 

PLANE GRAVITATIONAL WAVES DEFINED BY 
AN ABSOLUTELY PARALLEL VECTOR FIELD 

1. Plane waves in empty space-time 

As we already know from Chapter 9, the trajectories of propaga
tion (rays) of a plane gravitational wave in the Kundt sense for 
type N fields in empty space are defined by the absolutely parallel -
or, in other words, covariantly constant - isotropic vector field za.. 

The converse can also be proved 11051: every empty space
time admitting of an absolutely parallel vector field za. belongs to 
the Petrov type N, where za. is isotropic and unique. This 
follows from the conditions of integrability of the equations l~l' = 0, 
given by (6.11), and from the Debever result (3.29). 

Thus an absolutely parallel vector field in empty space defines 
a congruence of isotropic geodesics which represent the trajectories 
of propagation of plane gravitational waves according to Kundt. 

As Eisenhart shows I 161 I (see also Kruchkovich-Solodovnikov 
I 1621), the metric tensor of a space V4 admitting of the unique iso
tropic absolutely parallel vector field za. can be written as 

(
E 1 Q F) 
1 0 0 0 

Ca.0 = Q 0 A D • 

F 0 D B 

(10.1) 

where A, B, D, E, F, Q are functions of the x0, x2, x' coordinates; the 
vector za. in this same coordinate system is given by za. = ~~. 

For the metric (10.1) only six of the twenty significant compon
ents of the Riemann tensor are nonzero: R3230 , R 3202 , R0202, Ra2a2, Roaoa• 

R 0203 • Out of the ten field equations ( 2 .2), six are identically sa tis-
fied, while of the remaining four three become · 

(10.2) 

90 



where 
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1 1 
R322a = D;Ja- 2 (A,33 + B,22)- 4 {A,a (A,aB- B,2D) + 

+ B,2(B,2A- A,aD) + B,3 [A,2D- A (2D,2- A,3)]-

- (2D,3 - B,2) [A,2B- D (2D,2 - A,3)]}, 

1 1 
Raz2o = 2 (D,u2- A,oa + Q,2a- F,22) + 4i (D,o+ F,z-Q,a) X 

X (A,3D- AB,2) + A,0 (A,3B- B,2D) + (B,3 + D,0 - F,2) X 

X [D(2D,2- A,3)- A,2B] + B,0 [A,2D +A (A,3 - 2D,2)], 

1 
Ra2ao = 2 (B,o2- D,oa- Q,aa- F,u) + 

1 
+ 4i {(D,o + Q,3 - F,2) (A,3B- B,2D) + B,o (AB,2 - A,aD)+ 

+ (D,o + F,2- Q,3) [D(B,2 - 2D,3)- AB,al + 
+ A,o [B (2D,3 - B,2)- B,aD)}, 

g = deqgcxl'~ = AB- D2 <0. 

The last field equation links together the remaining components of 
the Riemann tensor: 

where 

AR0330 + BR0220 - 2DR0230 = 0, 

1 1 
R022o = Q,oz- 2(A,oo + E,z2) + 4i {(D,o- F,z- Q,a) X 

X [2A,0D +A (Q,3 - F,2 - D,0)]- (A,0) 1 B + (E,a- 2F,0) X 

X [A,2D +A (A,a- 2D,2)) + (E,2 - 2Q,1) X 

X [B,3D + B(B,2 - 2D,.)l}, 

1 1 
Rosso = F,oa- 2 (B,00 + E,aa) + 4g {(D,0 + Q ,a- F ,a) X 

X [2B,0D + B ( Q,3 + F,z- D,0)] -

-A (B,0)
2 + (2F,0 - E,8) [AB,a + D (B,2 - 2D,a)l + 

+ (E,2 - 2Q.0) [B,aD + B (B,2 - 2D,.)l}, 
1 

Ro2ao = 2(F,oz + Q,oa- E,u -D,oo)-
1 

- 4g {(D,o + B,3 - F,2) [BA,o- D (D,0 + F,2 - Q,a)l + 
+ B,o [A (D,o + F,2- Q,3)- DA,0 ] + (2Q,0 - E,1) X 

X (DB,2 - BA,3) + (2F,0 - E,a) (DA,a- AB,1)}. 

(10.3) 

Thus the general metric ( 10.1) which satisfies the four field 
equations (10.2)- (10.3) defines.the class of exact solutions of the 
Einstein equations in empty space satisfying the Lichnerowicz and 
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Zel'manov wave criteria as well as the Kundt definition of plane 
gravitational waves. We can show that this class comprises a 
number of known solutions of the Einstein equations belonging to 
the degenerate Petrov type II, in particular the solutions of Takeno 
/153, 163/, Peres /160/- (9.30), Petrov /57/- (9.15), et al. 

Thus the Peres metric (9.30) can be reduced by a simple 
coordinate transformation (rotation of the axes in the (x0 , x3) plane) 
/164/ to the form 

0 
0 

-1 
0 

~)· 
-1 

(10.4) 

The metric ( 10.4) is obviously a special case of the metric ( 1 0.1) 
for 

A = B = - 1, D = Q = F = 0, 
E = 1 + f (x0 , x2, r). 

Here the field equations (10.2) are satisfied identically and equation 
( 10.3) reduces to the condition of harmonicity of the function f in 
the arguments x2 and x3 : 

/,22 + /,aa = 0. 

The Takeno metric / 153/ is 

ds2 = - A dxi 2 
- 2D dxldx2 

- B dx2 2 
- (P - S) dx3 2 

-

- 2S dx3dx0 + (P + S) dx0
\ (10.5) 

where A, B, D, P, S are functions of the argument x3 - x0 and the 
quadratic form 

is positive definite and is a solution of equations (2.2) if 

M,aa - (M,3)
2/2M - A,3B,ai(D, 3)

2 = 0, M = AB - D 2• 

It can be shown /165/ that, like the Petrov metric (9:15), the 
above metric is reducible by a coordinate transformation and trivial 
relabelling to the form 
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whence it follows that it is a special case of the metric (10.1) if we 
choose E = Q = F = 0 and if the functions A, B, Dare regarded as 
dependent only on x0 • 

Lastly, another Petrov solution I 651, represented by the metric 

(10.6) 

is again a special case of (10.1). For this metric AB- D2 < 0, 
A, B =f= 0, and among the field equations (2.2) the only nontrivial 
equation is ( 10.3). 

It is natural to suppose that the arbitrariness inherent in the 
definition of the metric tensor (10.1) of the Einstein spaces admit
ting of an absolutely parallel vector field is somewhat fictitious, 
i.e., stems from the choice of coordinate system; there should 
exist, then, admissible coordinate transformations':' 

x0 = XO, 

x1 = x1 + x,(x1, x3, x0), 
x2 = q>(x2, x3, xo), 
;x3 = \jl(f2 , X3 , X0), 

(10.7) 

which conserve the form of the metric C~Jov (10.1) and of the vector 
field za. (= ~~), and which may enable us to simplify the metric 
(10.1) and in particular to remove certain of the functions that 
enter into it. Moreover, the solution of the field equation (2.2) is 
itself defined by the form ( 1 0.1) only up to the integration of four 
second-order partial differential equations. This also reduces the 
number of independent arbitrary functions in the metric ( 10 .1) 
quite considerably. In this connection it would be appropriate to 
attempt to integrate at least a few of the equations (10.2) - (10.3). 

Both problems were recently solved by Kaigorodov and Pestov 
I 166, 167 I, who show that in the new coordinate system (xa.) the 
components g23, g03 , g33 can be assigned the values 

lf2a = 0, lfoa = 0, Caa = -1 

• The term admissible will be applied to transforniations whose Jacobian does not vanish. 
Correspondingly, the arbitrariness of the functions X• 1p and \j) in (10. 7) is restricted only by the 
following differential condition: J = lp,~'i'.s - \j),21p,1 =I= 0. 
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for a suitable choice of the functions <p, 'iJ and X in the transforma
tion ( 10. 7) (these functions are defined as integrals of a certain 
system of equations of the Cauchy-Kowalevski type). 

Thus in the general case the metric tensor of the Einstein space 
admitting of an absolutely parallel vector field can be represented 
as 

(

E 1 Q 
1 0 0 

Ca~ = Q 0 A 

0 0 0 ~)' 
-1 

(10.8) 

where A, E, Q are functions of the coordinates x0 , x2, :J!l satisfying 
equations (10.2)- (10.3), and the equation (10.3) becomes 

Roaao- Ro22o = 0. (10.9) 

Making use of the necessary and sufficient conditions obtained 
earlier for fields of the degenerate type 2 -which involve only 
first derivatives of the vector fields, with the result that there is 
further simplification of the field equations /74/ - Kaigorodov 
reduces the arbitrariness in the definition of the functions E, Q and 
A to a single second-order equation (10.9), which remains unin
tegrated. 

The final result of these investigations can be formulated as 
follows: in order for an Einstein space to admit of 
an isotropic absolutely parallel field za., it is 
necessary and sufficient that in a certain coordi
n a t e s y s t e m t h e v e c t o r za. b e e x p r e s s e d a s l"- = {J:, 
and that the metric V4 assume the form (10.8), 
where the functions E,Q,A are given either by the 
relations 

A = -1, Q = 2ex3, E,22 + E, 33 = 4e (e = 0, 1) 

(first class of solutions) or by the relations 

A = - [x3 + a]2
, B = 2b (x3 2 + 2a:J!l), 

E,22 + (xa + a)2 E,aa- xs ~a E,2 + (x3 +a) E,a + 

2 
+ xs +a [8t-2(xa +a)a- 4x3(xa + a)(Aa2),o- (x3 + a)2a,oo-

- 4x3a,20 (x3A +a) + 4x3a,2a,0 ).,} = 0, 

)., = const, a = a (x0 , x2
), b = b (xO) 

(second class of solutions). 
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It is easy to see that the above -mentioned wave solutions Of 
Peres, Takeno and Petrov are special cases of the two classes of 
solutions singled out by Kaigorodov and Pestov, or that they reduce 
to the latter by admissible coordinate transformations. 

2. Absolutely parallel vector field in a nonempty space-time 

The class of solutions of form (10.1) admits of extension to the 
case of nonempty space-time /91/. 

Let the space-time V4 have a metric of the form (10.1) satisfying 
(aside from the condition Bg~'-)Bx1 = 0) only the three equations (10.2). 
If one computes the components of the Ricci tensor Ra~ one soon 
sees that nine of its ten components vanish identically and that the 
only nonzero component has the form 

1 
Roo= -(ARoaso + BRouo- 2DRo2so)· g 

A direct check will show that the Rainich-Wheeler conditions 
(7.14) and the Nordtvedt-Pagels conditions (7.15), which define the 
energy-momentum tensor of the isotropic electromagnetic field, 
are satisfied for this particular metric. 

However, the solution of the gravitational equations thus obtained, 
since it satisfies the Lichnerowicz criterion for total gravitational 
radiation (Ch. 6), describes the propagation not just of electro
magnetic waves but also of gravitational waves. Indeed, as the 
space V4 with the metric tensor (10.1) admits of congruence of the 
lines of flow of the covariantly constant vector za., it follows that 
this vector satisfies the second Lichnerowicz condition (6.11). 
Next introducing the vector field la. = {J~ and the expressions for the 
components of the Riemann tensor into the first system of 
Lichnerowicz conditions, (6.10), one can see that it is satisfied 
identically. 

Thus this class of solutions of the Einstein-Maxwell equations 
describes a self-consistent system of free electromagnetic and 
gravitational waves in space-time without matter /91/. It com
prises a number of known wave solutions of the Einstein-Maxwell 
equations; these include, to name a few, extensions of the solutions 
of Peres and Bondi-Pirani-Robinson to the case of nonempty space
time, known as "fields of type P and H" (according to Takeno's 
terminology /102, 168/). 
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Special cases of these solutions satisfying not only the 
Lichnerowicz but also the Zel'manov criterion were discussed in 
Chapter 7. However, it should be noted that in the general case 
these solutions of the Einstein-Maxwell equations describe a self
consistent system of electromagnetic and gravitational fields 
(nonempty space-time) in which the gravitational field satisfies the 
Lichnerowicz criterion but not, as a rule, the Zel' manov criterion. 
This last point is relevant to the question of the general relation
ship between these two criteria in the case of nonempty space-time. 

As the class of solutions we have described satisfies the 
Lichnerowicz conditions (6.10) - (6.11), it follows, from the 
general theorem proved in Section 3 of Chapter 6, that they belong 
to the degenerate type 2 gravitational fields of general form. 

As we saw in Chapter 2, the characteristic manifolds of the 
Einstein equations and Maxwell equations -like their bicharacter
istics -are identical. Consequently, the trajectories of propaga
tion of plane gravitational waves defined by an absolutely parallel 
vector field za., are at the same time the trajectories of light rays. 
At the same time, it follows from the coincidence of the gravita
tional and electromagnetic wave fronts that electromagnetic waves 
in a space-time admitting of an absolutely parallel vector field are 
also plane according to Kundt. 

It can be shown /169, 1701 that the class of solutions described 
above always admits of a group of motions with a singular operator 
I 1061, the trajectories of which are identical with those of wave 
propagation (with the rays). Moreover, if the given group of 
motions is intransitive I 1061, then its (always isotropic) surface of 
transitivity will either belong to the wave front or coincide with it. 



Chapter 11 

THE ASYMPTOTIC PROPERTIES OF FIELDS 
OF GRAVITATIONAL RADIATION 

1. Gravitational radiation of axially symmetric 
isolated systems. Bondi information function 

In studying the asymptotic behavior of fields of gravitational 
radiation, it is convenient to use the Bondi -Sachs method based on 
expansion of the quantities characterizing the field in powers of 1/ r, 
where r is a parameter playing the role of distance from an 
isolated system of sources. Assuming that such an expansion is 
possible, we choose a coordinate system such that, firstly, the 
form of the terms which dominate for large values of r is 
simplified to the maximum extent, and secondly, their wave 
character is brought out. 

Bondi /20, 171/ analyzed the problem of the emission of gravi
tational waves by an axially symmetric system of bodies using the 
following space -time metric as initial metric: 

(11.1) 

The form of the metric ( 11.1) was determined from the following 
physical analogy with the model of radiation in a flat space-time. 

Let a ray of light emerge from a certain point 0, surrounded 
by a small sphere on which the angular polar coordinates (jl and 6 
have been specified. We introduce the timelike coordinate u, 

analogous to the "retarded time" of the ordinary theory, and define 
the coordinates u, 6, qJ of an event E to be the values of the corre
sponding coordinates of the point at which the ray OE intersects 
the sphere. As the coordinates u, 6, qJ are constant along the ray, 
the trajectory of a ray of light in s.pace -time is a coordinate line of 
the fourth coordinate r. The affine parameter r defined in this 
manner along the trajectory of the ray will be henceforth inter
preted as the distance from the source 0. In flat space-time, 

9 
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choosing u =' t- r to be the timelike coordinate, we can express 
the metric as 

(11.2) 

For an asymptotically flat Riemann space-time, the 
immediate generalization of this metric is the metric (11.1). 
Moreover, by choosing a coordinate system of the type of ( 11.2), 
Bondi was able to remove the so-called "logarithmic term" of form 
(ln r) /r from the expansion of the Riemann tensor, the presence of 
which he regarded as a flaw in this approach. For the problem of 
radiation of an axially symmetric system, Bondi specifies the 
following components for the metric'( 11.1): 

Coo = r-1 B exp 2~ - r2A 2 exp 2y, 
g01 = exp 2B, g02 = Ar2 exp 2y. 
g22 = - r2 exp 2y, g33 = -r2 sin2 6 exp (- 2y). 

(11.3) 

Here ~. y, A and B are functions of r, 6, u and are independent of <p. 

In the coordinate system so chosen, the axially symmetric metric 
(11.1), (11.3), as we shall see, contains no logarithmic terms in 
the expansion in 1/ r . 

Of the ten field equations (2 .2) three are satisfied identically for 
the metric ( 11. 3): 

R~s = R18 = R23 = 0. 

Of the remaining seven, four equations 

(11.4) 

are independent, one equation, 

Rot= 0 

is satisfied owing to (11.4), and the components R02 and R 00 , due 
to the Bianchi identities, satisfy the relations 

(11.5) 

i.e., do not contain terms of order higher than the second in 1/ r. 
The system of four equations (11.4) in the four unknowns ~. y, A, 

B (I! fundamental equations," in Bondi's terminology) belongs to the 
group of equations Rij =' 0 which, as we saw in Chapter 2, 



11. ASYMPTOTIC PROPERTIES 99 

determine the behavior of the solution in the neighborhood of the 
initial hypersurface S depending on the initial data upon it. The 
system of fundamental equations has the following remarkable 
property: it contains no second derivatives of the type gli,oo. and 
contains only one derivative of the type Ci~t,ot, namely '\',ot. This 
means that specification of the function y (r, e, u) on the initial 
hypersurface u =canst, 

'\' (r, 6) = '\' (r, 6, u) lu=const' 

defines not only the functions y, ~.A and B themselves, it also 
defines the derivative '\',o, i.e., the behavior of the solution in the 
neighborhood of the hypersurface u =canst, apart from the arbitra
riness in the choice of the integration functions. As the equations 
only contain derivatives in r of the sought functions, it follows 
that the five integration functions will depend only on the coordinates 
u and 6. One of these should be set equal to zero so as to satisfy 
the requirement of regularity of the metric for large r; a second 
function is eliminated by a coordinate transformation which con
serves the form of the metric. As a result the expansion of the 
metric in powers of 1/ r, 

y = C (u, 6)/r + C,0 (u, 6)/ r2 + ... , 
~ = -C1/4r1 + ... , 

1 
U = -~(C,2 + 2Cctg6) + 

+ :a [F(u, 6) + 3CC,2 + 4C2 ctg6) + ... , 
V = r + G (u, 6) + ... , 

( 11. 6) 

is determined by three integration functions - C, F and G. Since 
these functions are related by the two supplementary relations (11.5) 

G,o = + (C,22 + 3C,2 ctg 6- 2C),o- (C,0 )
2

, 

- 3F,o = G,2 + 3CC,02 + 4CC,0 ctg 6 + C,0C,2, 

( 11. 7) 

(11.8) 

only one of them can be regarded as independent, say C (u, 6). Thus 
thevalueof C (u, 6) andofitsderivative C,0 w. r. tothe "retarded time" 
u on the hypersurface u = a = canst completely determines the 
solution in the neighborhood of the hypersurface, i.e., in a certain 
interval (a,;:::;; u,;:::;; b). Thus every irreversible change in the system 
of sources is determined by the quantity 



100 GRAVITATIONAL WAVES IN EINSTEIN'S THEORY 

& 
C,0 = &u C (u, 6), 

which contains all the information concerning the behavior 
of the system with variation of u. The function C, 0 is 

(11.9) 

called the info r mat ion fun c t ion ':' of the system I 1 71 I. The 
most important property of the information function is that it 
determined the fraction of mass of the system borne away by 
gravitational radiation. 

Let a system of sources be stationary at all times until the 
instant u =a, and let it return to the stationary state after a period 
of nonstationarity- at the instant u = b. The definition of the 
information function makes it possible to obtain the mass lost by 
the system during the time interval a< u <b. The gravitational 
field described by the following Weyl metric is the stationary field 
corresponding to the axially symmetric metric (11.3) (see Synge 
1172/): 

(11.10) 

Expanding the function 'iJ in the multipole moments of the system 
of sources and writing down the metric (11.10) in the Bondi 
coordinates u. r, 6, qJ, we obtain the relation between the functions 
G and F and the multipole moments of an axially symmetric 
system: 

G = 2 M, F = 2 D sin 6. (11.11) 

Here M is the mass of the system of sources ("monopole moment") 
and D is its dipole moment. Returning to the general metric (11.3), 
we can define the mass of the source system as the mean of G (u, 6) 
over the angle: 

" 
M (u) = +~ G(u, 6) sin6d6. (11.12) 

0 

Next, integrating the equation ( 11. 7) we obtain the expression for 
the decrease of mass with time in terms of the information function: 

" 
M,0 ==~~ = -+~(C,0?sin6d6<0. (11.13) 

0 

• A term in frequent use is "Bondi news function." 
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Formula ( 11.13) means that the mass of an isolated axially 
symmetric system of sources will be constant if and only if the 
information function of the system equals zero. Otherwise the 
mass decreases monotonically. 

In view of this we can formulate the following criterion of 
gravitational radiation for axially symmetric isolated systems: 

Bondi's criterion. The gravitational field of an 
isolated axially symmetric system of sources, 
defined by the metric (11.1), (11.3), is a field of 
gravitational radiation if the information function 
(11.9) of the system is nonzero. Otherwise, there 
is no gravitational radiation.':' 

2. Newman-Penrose formalism 

By computing the components of the Riemann tensor Ra.flv& for 
the Bondi metric and expanding them in powers of 11 r, it can be 
shown I 171 I that they break down into three groups of equal com
ponents (up to a sign). In the first group, the expansion begins 
with a term of the third order, 2 (G + CC, 0) r-3 , in the second group 
with a term of the second order, (C,02 + 2C,0 ctg6) r-2

, and in the third 
group with a term of the first order, C,00r- 1

, This means that for 
C,ou + 0 the gravitational field decreases in inverse proportion to r 
at large distances. 

In an attempt to remove the element of arbitrariness in this 
result which stems from the choice of a "dominant" coordinate 
system, Newmann and Penrose undertook to study the tetrad com
ponents of the Riemann tensor in place of its coordinate components. 

In order to do this we will use the Newman-Penrose formalism 
I 1741 which, in addition, yields an invariant formulation of the 
"laws of conservation" of multipole moments. 

' We note that the vanishing of the information function does not imply stationarity of the system. 
Indeed, from relation (11.8) it follows that for C,o = 0 and G,2 =1= 0 the quantity F,0 is nonzero, 
which, owing to the second formula of (11.11), means that the dipole moment of the system 
increases linearly with time. How much the monopole and dipole terms contribute to the 
energy and momentum lost by an isolated system is a nontrivial question which has attracted 
special attention. It was recently reviewed by Papapetrou within the framework of the linear 
approximation of Einstein's theory of gravitation)173/. It was found that the effective 
monopole and dipole terms which appear formally reduce in actual practice to the quadrupole 
moment of the source system (quadrupole moment' of the so-called •·electric" and "magnetic" 
types). At the same time, the quadrupole moment of a system cannot be regarded as an 
effective moment reducible to higher moments. 
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The Newman-Penrose method is based on the assumption that 
there exist in the chosen region of the manifold V4 four isotropic 
differentiable vector fields':' (as smooth as the components of the 
metric gtJ.v ), two of which are conveniently chosen to be conjugate 
complex. In Bondi coordinates (x0 = u, x 1 = r, x2 = 6, x3 = <p) these 
vector fields can be specified as follows: 

l~'- = oi' nl'- = 0~ - oi, 
1 ("~'- + i "~'-) - 1 ("~'- i "~'-) mtJ. = - Uz -.- U3 , mtJ. =- U2 - -.- U3 • r Sill ij r Stn 9 

(11.14) 

It has been shown by Newman and Penrose I 1741 and - inde
pendently of them and in a different form -by Kaigorodov I 741 
that the metric g~'-' can be represented as the combination 

with 

The ten independent real components of the Riemann tensor in 
vacuum (Rar. =0) can be characterized uniquely by five complex 
scalars ("tetrad components of the Riemann tensor" ~"~): 

<D0 = Ra.(ly&la.mfllYm5, 

<l>1 = Ra.(lysla.nfllYm&, 

<D2 = Ra.(ly& m11n~lYm&' 

<Da = Ra.j3y5 ma.nfllYn5 , 

<D4 = Ra.(ly~ ma.nflmYn5• 

(11.15) 

Gravitational radiation is said to be emergent from a system or 
incident upon the system depending on whether the initial data (the 
information function in our case) are given on an isotropic hyper
surface in the absolute future, or in the absolute past (in the 
linearized theory these solutions are called retarded or advanced 
potentials). Assuming that only emergent waves are present in the radi
ation (i.e., disregarding the scattering of the incident external radiation 

• In the general case the existence of such vectors is not at all guaranteed. However, for gravita
tional fields induced by isolated distributions of sources such vectors always exist, given 
certain asymptotic (boundary) conditions. 

"" Such components can be defined for any tensor having all the algebraic properties of the 
Riemann tensor in a vacuum, e.g., for the Weyl tensor. 
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by the system':'), and also specifying a definite class L of functions 
<DA (A = 0, 1, 2, 3, 4) in formulas (11.15), we can show I 175, 1761 
that in an asymptotically flat space-time one of the scalars <I>A, 
say <DA'> admits of expansion of the form 

L 

<D A' = ~ r<s+n) <D~· + 0 (r<5+Ll), 
n=O 

where the expansion coefficients <D1· are independent of r. 
Let this scalar be <D 0 • According to Newman and Penrose I 177 I, 

it is sufficient to take it in C 2 ; 

(11.16) 

Then, making use of the Bianchi identities and of the identity 

R ···& 0 
cxlh·.s= ' 

which follows from them in the case (2.2), we obtain the asymptotic 
expansions of the remaining <DA: 

<D1 = <D~r-4 + 0 (r-5), <D2 = <D~r-3 + 0 (r-~). 

<D3 = <D~r-2 + 0 (r-3), <D4 = <D~r-1 + 0 (r-2), 

(11.17) 

where <D~. <D~, <D~, <D~ are independent of r. For the Bondi metric 
the coefficients <D~ depend only on 6 and u, and 

<D~ = C (u, 6),oo· 

In the case of axial symmetry the coefficients <D~ of the 
expansions ( 11.16) - ( 11.1 7) can be expressed in terms of the as so
cia ted Legendre functions I 182, 183 I: 

<D~ = ~ an (u) P! (cos 6), <D~ = ~ bn (u) P~ (cos 6), 
n=2 n=t 

(11.18) 

n=O n=l 

<D;:'= ~ h:'P~(cos6). 
n=2 

• The scattering of gravitational radiation incident upon a system of bodies has been discussed by 

Zerilli /178,408/, Vishveshwara /179/, and Couch, Kinnersley and Torrence /180,181/. 
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In this form the expansion coefficients are analogous to the 
retarded potentials of the wave equation of the special theory of 
relativity. 

Indeed, in flat space-time the axially symmetric solution of the 
wave equation in polar coordinates is given by 

qJ(n) = 'IJ<nl(r, u) Pn(cos6), (11.19) 

where the functions 'IJ<nl are defined as the solution of the equations 

(11.20) 

and describe 2n -pole radiation. In turn, the solution of equations 
(11.20) has the form of a polynomial in r-1 : 

'Pn = ~ L (u) r<k+t), 
k (k) 

the coefficients of the polynomial satisfying the recurrence relation 

d (n) (n) 

2(k+1)d L =(n-k)(n-k+1)L. 
u (k+l) (k) 

In view of this analogy, we can regard the quantities <I> A charac
terizing the Riemann tensor as being a solution of a generally 
covariant wave equation of the Zel'manov type (7.4). 

This analogy allows us to define the multipole moments of an 
axially symmetric system of sources in the following way: 

" 
monopole (mass) M =- +~ (<D~ + <D~) P~(cos 6)sin 6d6, (11.21) 

0 

" 
dipole moment D=- ~ ~<l>~P~(cos6)sin6d6, (11.22) 

0 

" 
Quadrupole moment Q =--} ~ <l>~P~ (cos 6) sin 6d6, 

0 

and so forth. 
For the Bondi metric (11.3) we obtain from (11.21) 

" 
M = Mn + -{-~(C0),0 sin6d6, (11.23) 
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where Mn denotes the Bondi mass of the system, given by formula 
(11.12). Analogously, the law of conservation of the Bondi mass 
(11.13) becomes 

dMB 1 \ . 1 \ . 
dU = - 2 ~ C,iY,o sm 6 d6 + T ~ (C0),00 sm 6 d6. (11.24) 

Definition ( 11.21) should be regarded as more general than 
Bondi's definition (11.12), as it is not linked to the choice of a 
particular system of coordinates. According to the interpretation 
given by Newman, the quantity M can be treated as the total mass 
including the energy of radiation, whereas the quantity Mn is the 
mass of the system in a stationary state ("Weyl" mass). 

3. Gravitational radiation of arbitrary isolated systems. 
The Sachs metric 

We saw that the tetrad components of the Riemann tensor for the 
Bondi metric break down into three groups, the dominant terms at 
large distances being of order r- 1 in the first group, of order r-2 in 
the second group and of order r-3 in the third group. Thus it has 
proved possible to express the Riemann tensor as the sum of three 
terms, proportional to the first, second and third inverse powers, 
respectively, of the affine parameter r: 

(11.25) 

It was found that Na.r.v&• IIIa.r.vs and Ia.r.vs are tensors having the 
same algebraic properties as Rieman tensors belonging to types N, 
III and I, respectively. An analogous decomposition was established 
by Robinson and Trautman for their solution of the equations of 
gravitation, which describes spherical gravitational waves: 

(11.26) 

here Da.r.vs is a tensor having the same algebraic structure as a 
type D Riemann tensor. It should be mentioned that the physical 
meaningfulness of these results is further substantiated by the fact 
that for electromagnetic radiation (as Goldberg and Sachs have 
shown /184/) we have a decomposition of the field tensor Fv.v which 
is clearly interpretable in terms of near zone (induction zone) 
and far zone (wave zone). In other words, the gerieral physical 
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analogy between the theory of electromagnetic radiation and the 
Bondi -Sachs approach described above indicates that it is legitimate 
to interpret the Bondi-Sachs results in terms of a wave zone of 
radiation (terms of types N and III) and an induction zone (terms 
of types I and D). 

Indeed, the dominant terms at large distances from the emitting 
system belong to type N (wave zone), whereas at small distances 
from the sources they are terms of type I or D, which describe 
the properties of a stationary field (of the Weyl type for the Bondi 
metric and of the Schwarzschild type for the Robinson-Trautman 
metric). Here the term Na.~vs for the Bondi metric is proportional 
to C,oo, characterizing the relationship between the information 
function C,0 and the asymptotic behavior of the radiation field. 

Sachs 11851 put forward an extension of (11.25) to the case of the 
gravitational radiation of arbitrary isolated systems. 

It is easily shown that the coordinate lines <p in the Bondi 
coordinate system are trajectories of the Killing vector field I 58 I 
normal to a certain three-dimensional hypersurface. Assuming 
that the metric tensor gtJ.v can depend not only on u, r, 6 but also on 
the coordinate <p, let us construct a more general coordinate 
system suitable for an arbitrary system of sources with no spatial 
symmetry whatsoever. 

Let u (xcx) be a scalar field defining the isotropic three
dimensional hypersurface (2.15), i.e., satisfying the eikonal 
equation (2.22): 

Further, let there be a congruence of isotropic geodesic lines with 
direction vector lex = u,cx, orthogonal to the hypersurface u =canst. 
We also introduce 6 and <p -two scalar functions satisfying the 
equations 

(11.27) 

Let us further define the scalar r 

(11.28) 

where 

The condition that K =I= 0 is a consequence of equations (11.27); the 
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requirement that K > 0 is sufficient in order for the scalar r to be 
real and positive. 

It can be shown /185/ that an asymptotically flat space-time V, 
will satisfy all of the requirements mentioned if and only if its 
metric is representable in Bondi coordinates as 

dr = Br-1 exp (2~) du2 + 2 exp (2~) du dr -
- r2Hab (dxa- Aadu) (dxb- Ab du) (11.29) 

(a, b = 2, 3), 

where the two-dimensional quadratic form habdxadxb is given by 

2habdxadxb = [exp (2y) + exp (2o)l d6 2 + 
+ 4 sh(r- o) sin6d6dq> + 

+ [exp (- 2y)+ exp (-2 o)l sin2 6 dq>2 , 

and the SiX functiOI;lS V, Ua (a =2, 3), ~' r, 0 depend on all four 
coordinates u, r,e and q>. 

Having required that the coordinate lines q> (u, r, 6 =canst) be 
trajectories of a certain normal Killing vector field, we obtain as 
a special case the axially symmetric Bondi metric defined by the 
conditions 

r = o, u8 = 0, aca.r.laq> = 0. (11.30) 

4. Geodesic rays. The peeling theorem 

One of the assumptions under which the Sachs metric (11.29) 
was obtained is the existence in V, of a congruence of isotropic 
geodesics (known as geodesic rays). We will therefore con
sider the types of gravitational fields that admit of geodesic rays. 

As we noted in Chapter 8, every empty space-time V4 admits of 
at least one and at most four isotropic vector fields ta 
(Debever vectors) satisfying the algebraic relation (3.29) - (3.32), 
in which the W eyl tensor is replaced - in our case -by the 
Riemann tensor Ra.flv&· 

Debever vectors are not as a rule the direction vectors of con
gruences of isotropic geodesics. However, as Sachs shows I 110 I, 
all algebraically special empty spaces V,, i.e., Petrov type D, II, 
N and III spaces, admit of a geodesic isotropic vector field za., 
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zcxz~cx = 0, (11.31) 

satisfying the condition (3.31) and hence necessarily the condition 
(3.32). The corresponding congruence of geodesic rays has zero 
shear (Goldberg-Sachs theorem, see /184, 195/): 

(11.32) 

If there exists a solution of the eikonal equation (2.22), then 
condition (11.32) means that there is no distortion of the shape of 
the shadow cast upon a screen by an opaque object oriented ortho
gonally to the rays. ' Depending on whether the expansion of the 
congruence 

1 zcx 8=2 :ex (11.33) 

equals zero or does not equal zero, the wave front will correspond 
to plane or spherical gravitational waves.~, 

This suggests that algebraically special fields correspond to 
gravitational waves far from the source system while 
algebraically general fields represent a gravitational field near the 
sources, "perturbing" the gravitational wave front. To substantiate 
this conclusion mathematically, let us examine the asymptotic 
behavior of the Riemann tensor of an asymptotically flat space
time described by a Sachs metric. 

Assuming that the functions that enter into the Sachs metric 
(11.29) are infinitely differentiable with respect to r (which, as we 
will see, is not generally obligatory) and expanding them in Taylor 
series in powers of r-1, we can show by direct calculation with the 
field equations (2.2) that all the <I>A in (11.15) are nonzero and that 
their expansions begin with terms of varying orders, namely from 
r- 1 to r- 5 • Taking the general Newman formulas (11.16)- (11.17) 

• If the space -time admits of an isotropic geodesic congruence with nonzero shear, the 
corresponding field of gravitational radiation is interpreted as a field of c y 1 in d ric a 1 waves. 
Examples of axially symmetric gravitational fields of this type with an infinite linear distribu
tion of sources are the Einstein -Rosen solution I 187 I, and also the Jordan -Ehlers I 1881 and 
Kompaneets I 1891 solutions that develop it. Unlike the plane and spherical wave fields con
sidered earlier, they belong to the algebraically general type I and, like gravitational fields of 
isolated sources (Bondi and Sachs), admit of peeling into terms of type N, II arid I (see the 
works of Stachel /1881 and lllarder I 190-192/). Researches by Weber and Wheeler 11931 and 
Krishna Rao 1194-1961 have been specially devoted to the wave properties of nonstationary axially 

symmetric gravitational fields. 
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for the asymptotic form of <DA into account, we arrive at the follow
ing p e e l in g of t h e R i e m a n n t e n s o r ( Sa c h s ' " p e e l i n g 
theorem" /1101: 

R = 0Nr-1 + 0IIIr-2 + 0Ilr-3 + 0lr-4 + I'r-& + ... (11.34) 

Here, 0N, 0lll, ... denote tensors with the algebraic structure of 
the Riemann tensors of types N, III, etc., respectively (indices 
have been dropped for conciseness), and the index 0 on the left 
means that these tensors are covariantly constant along the corre
sponding geodesic rays. In the fourth and fifth terms, I' and 0I are 
distinguished by the fact that the tensor I' has no geodesic rays 
while 0I has geodesic rays. Further, the sum of the terms up to a 
certain given order inclusive is a tensor of the same algebraic 
type as its last term. The coefficient 0N is proportional to C,00 , 

where C,o is a function which goes over into the Bondi information 
function under the conditions ( 11.30). In particular, for C,o= 0 fo:r 
the Bondi metric 0N = 0lll = 0II = 0, and we arrive at the stationary 
axially symmetric Weyl metric (11,10). 

On the basis of the peeling theorem, the gravitational fields of 
isolated sources can be given the following algebraic interpretation. 
A field set up by a material system in the empty space surrounding 
it belongs to the first Petrov type (I or D). If a system emits, 
then at distances significantly greater than the dimensions of the 
system itself and the wavelength of its emission (i.e., in the wave 
zone) the gravitational field will be approximately of type N. In 
other words, from the standpoint of an observer lying at a large 
distance (in a fixed direction) from the emitting system, terms of 
type N will predominate in the Riemann tensor; for an observer 
whose distance from the system is small compared with the dimen
sions of the system itself and with the wavelength of its emission 
(near zone), terms of type I or D will predominate in the Riemann 
tensor depending on the nature of the wave front. Lastly, at 
distances great by comparison with the dimensions of the source 
system but small compared with the wavelength of its emission 
(transitional zone), the gravitational field is described by a Rie
mann tensor of type II or III depending on the nature of the source 
distribution. 

As shown by Sachs I 148, 1851 and Persides I 197 I, given certain 
special assumptions (possibility of expansion of the metric in 
infinite series in r- 1, Euclidean asymptotic form at infinity), the 
Riemann tensor peeling (11.34) is feasible for arbitrary gravita
tional fields in empty space possessing geodesic rays. This 
possibility is guaranteed by conditions (11.16)- (11.17) obtained 
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above which give the asymptotic form of the tetrad components of 
the Riemann tensor. For cases where the space-time does not 
admit of a congruence of geodesic rays, Lehman I 198 I and 
Goldberg 11991 formulated and proved the following weaker state
ment: in these cases one of the isotropic Debever vector fields is 
asymptotically geodesic, i.e., 

(n ;;>2). (11.35) 

If we assume that the peeling (11.34) still holds for this case, it 
follows that the vector za. no longer remains the direction vector 
for the geodesic ray in spaces corresponding to tensors N, III, 
etc., of the expansion. However, there should then exist a con
gruence of isotropic geodesics with tangent vector z'a. which are 
asymptotes of the trajectories of the vector za.. One might then 
expect that the congruence ta. represents geodesic rays only in a 
space-time corresponding to the first four terms of the peeling 
(11.34): 

, , '{3 'y D 
l[pRa.Jf3y[& la1 l l = 0 (r ), (11.36) 

i.e., that it is asymptotically a Debever vector. 
Lastly, if the vector field Z'a. satisfies condition (11.3 6) and 

moreover is a gradient field ( la.' = <p,")' then, as Newman and Pen
rose demonstrate I 1 7 4 I, the peeling ( 11.34) always holds. 

5. General algebraic structure of the Riemann tensor 

It is obvious that the Sachs peeling formula (11.34) is not gener
ally covariant since the parameter r serves as distance coordinate 
along the geodesic. However, the algebraic classification of 
canonical types of Riemann tensors makes it possible to formulate 
the peeling of a Riemann tensor of algebraically general structure 
in a generally covariant manner. 

To do this we use the Newman-Penrose formalism. In an iso
tropic complex tetrad (ll'-, n~'-, m~'-, m~') whose vectors satisfy 
the relations 

la.la. = 11a.na. = ma.ma. = la.ma. = na.ma. = 0, 

la.na. = ma.ma. = 1, 

we define three simple hi-vectors 

(11.37) 
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Vcxfl = 2l[cxfnfl]• Ucxfl = 21'l[cx11lfl]• 
M cxfl = 2l[cxnfl] + 2ffl[cxmfl]• 

(11.38) 

Then, as shown by Kammerer /200/ and Szekeres /134/, to all 
possible algebraic types of the Riemann tensor in a vacuum corre
sponds the following general combination: 

Ra. 1ns + i *Ra.r.vs = C1Va. 8Vvs + Cz (Va.r,Mys + 
+ Ma.r.Vvs) + C3 (Ma.r.Mvs + Ua.r.Vvs + Va.r.Uvs)+ 

+ C4 (Ua.r.M vs + Ma.r.Uvs) + C&UcxllUvs, 

where C1 , ••• , C5 are arbitrary scalars. 

(11.39) 

Using the canonical form of the matrix II Rabll of the Riemann 
tensor in the bi -vector space R 6 , one can show that there is, to 
each type of gravitational field (Ch. 3), an expansion of the Riemann 
tensor in the hi-vectors (11.38) corresponding to some particular 
case of expression (11.39), where some of the scalars C1 , ••• , C& 
(not more than four) vanish. The problem of expressing the 
Riemann tensor in terms of hi-vectors for the case of empty 
spaces (and the Weyl tensor in the general case) was solved for 
all types of gravitational fields by Debever /81/. Comparing 
Debever's results with expression (11.39), we arrive at the follow
ing conclusions. Let a given gravitational field be algebraically 
special. Then C4 = C5= 0, i.e., the expansion (11.39), generally 
speaking, comprises only the first three terms; in this case the 
vector field zcx defines geodesic rays. Further, let C3 = 0; the 
Riemann tensor then belongs to type III. For the case C2 = C3 = C, = 
= C, = 0 the gravitational field is of type N with the vector zcx as 
Debever vector. Lastly, the condition C3 =I= 0 characterizes fields 
of type II and D. 

Comparing expression (11.39) with the Sachs peeling formula 
(11.34), we see that each of the first five terms of the asymptotic 
expansion of the Riemann tensor in r-• has the algebraic structure 
of the corresponding term in expression (11.39). It is therefore 
of interest to study the asymptotic behavior of the coefficients 
C1 , ••• , C& in (11.39). To do this we choose a canonical parameter r 
on the geodesic ray with tangent vector zcx. If we assume that the 
condition r --7 oo always corresponds to the asymptotic value of the 
Riemann tensor, then in the general case there is no need to 
assume that the space-time is asymptotically flat. Moreover, 
instead of the rigorous Sachs condition regarding the infinite differ
entiability of the metric with respect to the parameter r, we con
fine ourselves to the assumption that the components of the Riemann 
tensor, as also those of the vectors zcx, ncx, mcx, m,cx, are functions of 
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the coordinates of class C6 (which corresponds to our aim of 
investigating the asymptotic behavior of the first five terms of the 
expansion in r-1 ). 

We insert expression (11.39) in the Bianchi identities and pro
ceed to regard the latter as equations for the functions C1 , ••• , 

C5 • Studying the main (by order of smallness) terms of the solu
tionoftheseequations, wefindthat for r~oo the coeffici
ents CN in (11.39), N= 1, 2, 3, 4, 5, tend to zero as 
1 I rN, r e s p e c t i v e 1 y . 

Thus the Sachs peeling theorem can be proved under far more 
general assumptions. A rigorous proof of this kind ·was first 
given by Kammerer I 200 I; as he assumed c• -smoothness, his 
proof covers only the first four terms in (11.39). This corresponds 
to the fact that geodesic rays exist only for the first four terms in 
(11.39). Kammerer's result can be extended to the fifth term using, 
say, considerations relating to asymptotically geodesic congruences. 

6. Asymptotic symmetries. Bondi-Metzner group 

From the peeling theorem we have seen that at large distances 
from the source system even the properties of asymptotically plane 
gravitational wave fields are algebraically complex. The nontrivial 
character of the asymptotic forms of Bondi and Sachs fields of 
gravitational radiation is particularly striking when one studies 
their asymptotic symmetries. 

Indeed one might have expected from physical considerations 
that on the asymptotic hypersurface r~oo therewouldactagroupof 
motions of the metric of the same order as the order of maximum 
mobility of the space V4 of the corresponding type, i.e., of Petrov 
type N. However, due to the fact that at large distances the 
radiation field of an insular system is described only appro xi
mate 1 y by the structure of the type N Riemann tensor, it turns 
out that there is no group of motions that conserves the asymptotic 
form of the field and the boundary conditions as well. However, 
there exists a group of coordinate transformations satisfying these 
requirements; for axially symmetric isolated source distributions 
it is known as the Bondi- Metzner group I 1 71 I. This group contains 
the Lorentz group as subgroup (but not a normal one) and includes, 
moreover, the infinite -dimensional group of "supertranslations." 

The fact that the information function C,0 has very simple trans
formation properties with respect to the Bondi-Metzner group 
plays a very important part in the physical interpretation of this 
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group. It makes it possible to express the conserved integral 
quantities in terms of the group invariants. An extension of the 
Bondi-Metzner group to the case of arbitrary isolated systems was 
put forward by Sachs I 1481. 

7. Asymptotic properties of the Einstein-Maxwell fields 

The Bondi -Sachs method has also been extended to the case of 
gravitational radiation by isolated systems in nonempty space
time (Kozarzewski 1201 I, Hawking /2021, Stachel 1203 1). In 
particular, Kozarzewski /2011 shows that the asymptotic behavior 
of a gravitational field induced by arbitrary isolated systems of 
electrically charged bodies is also determined by the Sachs peeling 
formula. This result seems natural since geodesic rays are the 
trajectories of propagation of gravitational and electromagnetic 
radiation alike. 

The analogy between the gravitational and electromagnetic fields 
is also clearly discernible in their asymptotic behavior. Thus 
starting from the integral form of the Maxwell equations Goldberg 
and Kerr I 1521 established that the electromagnetic field of a 
bounded distribution of charges and currents admits of the following 
asymptotic expansion: 

(11.40) 

Here r is an affine parameter which varies along the isotropic 
gradient directions za., i.e., along the electromagnetic rays; all the 
components JIJ.v = J[IJ.•J are functions bounded above and the anti
symmetric tensors N:v and 111:v satisfy the relations 

(11.41) 

in complete analogy with the algebraic relations characteristic for 
the Riemann tensors of types N or III, respectively. 

It follows from formula (11.41) that in a coordinate system in 
which the parameter r characterizes the distance from the system 
of sources, the field FIJ.v becomes isotropic at a distance from the 
system, i.e., satisfies the relations 

(11.42) 

However, as Chevreton I 1491 shows, conditions (11.42) are 
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necessary but not sufficient for plane electromagnetic waves in 
Minkowski space-time; in order for the electromagnetic field FIJ.• 
to fit the case of plane waves, it is necessary and sufficient that 
the following be satisfied in addition to ( 11.42): 

lp,FihJ, a= 0, za.Fa.f>, a= 0. (11.43) 

Consider conditions (11.42) - (11.43) in the general case of a 
curved space-time. As Mariot 1260, 2611 shows, the trajectories 
of the vector field za. satisfying relations (11.42) form a congru
ence of isotropic geodesics (11.31). Differentiating the relations 
( 11.42) covariantly and recalling ( 11.43), we obtain 

Fnh z.~-.J; a= 0, Fa.(> l~ a= 0, (11.44) 

whence it follows I 149 I that the tensor h;" can be expressed as the 
product of two vectors: 

(11.45) 

where Aa is a vector orthogonal to the vector h. It follows 
automatically from formulas (11.45) that for the congruence of 
geodesics defined by the vector za., the rotation w, the dilation 
e and the shear a tend to zero. This means that at infinite 
distances from a system of arbitrary charged sources the electo
magnetic and gravitational fields are fields of plane waves with 
common congruence of geodesic rays. 



Chapter 12 

GRAVITATIONAL WAVES AND CHRONOMETRIC INVARIANTS 

1. Chronometric invariants 

The preceding chapters were devoted mainly to the study of 
gravitational fields from the standpoint of generally covariant 
criteria for the existence of gravitational waves. A gravitational 
field which satisfies the generally covariant wave criterion will 
have a wave character irrespective of the choice of coordinate 
system. But it would be interesting to drop the requirement of 
general covariance and formulate a criterion for g r a vita tiona l -
inertial waves covariant only with respect to transformations 
of the three-dimensional coordinate frames in which a chosen 
reference body is at rest. Further, such a criterion would have 
to be invariant under transformations that conserve the coordinate 
lines of time x0 since these are world lines of the reference body. 
In other words, this criterion reflects the observer's choice of a 
frame of reference and its fulfillment may therefore be regarded 
as a sign of the reality of the waves for the given choice of refer
ence body; indeed such waves can generally be eliminated by 
passage to a different reference body, due to the dependence of the 
inertial properties on the state of motion of the observers. 

Let us then consider the transformations given by 

XO = XO (xo, Xl, Xz, x3), 

xi= x' (x 1 , x2 , x 3), 

(12.1) 

(12.2) 

a-t 
which have the property that a:o =0. The transformations (12.1) -

(12. 2), where x 0 is the time like coordinate, are obviously the most 
general transformations between coordinate systems at rest 
relative to a given reference body. 

115 
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In formulating the criterion we will confine ourselves to 
invariance under the transformations (12.1), i.e., chronometric 
invariance, and to covariance with respect to the transformations 
(12.2), i.e., spatial covariance. Thus for a specified refer
ence body, freedom of coordinate transformations is restricted 
by the chronometric invariance (12.1) and the spatial covariance 
(12.2). Transformations (12.1)- (12.2) constituted the base on 
which Zel'manov constructed his formalism of chronometric 
invariants /204-206/. 

C h ron om e t ric invariants, i.e., three-dimensional 
physical quantities invariant under the transform at ions (12 .1), can 
be regarded as observables in the general theory of relativity, 
i.e., quantities directly linked to physical measurements. The 
chronometrically invariant approach to gravitational-inertial waves 
is thus all the more interesting as the waves so defined can be 
treated as a subject of immediate physical measurement. 

Following Zel'manov /204, 205/, we introduce chronometrically 
invariant operators of differentiation, designating them by means 
of stars to distinguish them from the usual ones: 

·a 1 a ·a a goi a = ,~ o• i = · - - o• 
f goo ' goo 

(12.3) 

We also introduce the chronometrically invariant spatial metric 
tensor 

b goi gok I ik =- Ctk + --, bik =- gik, b = detl!b;k j. 
goo (12.4) 

For the chronometrically invariant g r a v it at ion a l - in e r t i a l 
force vector F; and tensor A;h of absolute rotation 
of the frame of reference 2: relative to the locally 
co-moving geodesic system 2: 0 , we have the expressions 
/206/ 

. bij 
r = w (·aiw - ·avi), (12. 5) 

A;k = ·a[i vk1 + F[i vk1, (12.6) 

where W and V; are the scalar and vector potentials of 
the gravitational-inertial field, respectively: 

W = (1 - ~), Vi = - Kod -,rg;;;;: 
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The chronometrically invariant tensor D 0 , of deformation 
vel o c it i e s of the three -dimensional space of reference of the 
system l: relative to the locally co-moving system l: 0 is given 
by the expressions /205/ 

( 12. 7) 

Here D = Dl is the rate of relative volumetric expansion of an ele
ment of space. 

We also define the chronometrically invariant analogs of the 
Christoffel symbols and the operation of chronometrically invariant 
three-dimensional covariant differentiation /205/ 

(12.8) 

• .., Q"'k •a Q"'k AI Q"'k + A kQ···I Yf j ... = i j ... - Uij z... ••• + U!l j ... , (12.9) 

with 

Within the formalism of chronometric invariants, in addition to 
the dynamic quantity F;, kinematic quantity A 0 , and static quantity 
D;k, it is also possible to introduce a fourth geometric character
istic of the co-moving three-dimensional space, namely the spatial 
curvature tensor K1k!i: 

(12.10) 

where 

(12.11) 

and 

(12.12) 

As Zel'manov shows, the twenty independent components of the 
four-dimensional Riemann tensor: R.,.a.p,v can be collected in three 
chronometrically invariant tensors expressed in terms of F 1, A 0 , D 0 , 

and Kikli. Thus we introduce the following three-dimensional 
tensors /91/: 
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R'i·i 
X ij- 0·0· ----, goo (12.13) 

It is easy to show that the tensors Xti, ytik and ztkti are chrono
metric invariants. Indeed, let Q~:::·.~ be the components of a world 
(four -dimensional) tensor of rank n in which all the upper indices 
are nonzero while all the lower indices (m in number) are zero. 
Then, performing the transformation ( 12.1), it is seen that the 
quantities 

(12.14) 

constitute a chronometrically invariant three-dimensional tensor of 
rank n- m. Note incidentally that formula (12.14) can serve as an 
algorithm for the construction of chronometric invariants of the 
form Q~~:::g out of world tensors. It is obvious from the definitions 
( 12 .13) that the tensors Xii, ytik and ztkti were constructed according 
to this precise rule, and they therefore satisfy the condition of 
chronometric invariance. 

Expressing the components of the world tensor Ra.flv& in terms 
of the chronometrically invariant quantities (12.5)- (12. 7}, (12.10), 
we obtain the Zel'manov formulas defining the relation between the 
tensors (12.13) and these quantities: 

Here 

Xii = •an;i- (Df + Ai~)(Dil + A;z) + •v<1F11 - +F1F;, 

Y;jk = ·v i(A;k + D;k)- ·v 1 (A;k + Dik)- 2A1jF k• 

Z;kz; = 2 (Di[k DzJi - Ai[k AIJi + A;iAkz)- K ilcli· 

II· R~ .. , ·· 1· 
Y .. z= .r::-• z~:.i+ X'1 =-R 1

, 
r goo 

(12.15) 

(12.16) 

(12.17) 

(12.18) 

(12.19) 

and the tensor Zwt has the symmetry and antisymmetry properties 
( 12.12) of the tensor K Wi. We see that the twenty independent 
components of the Riemann tensor Ra. 11 ..,.a can be expressed in terms 
of the six independent components of the tensor Xii, eight of the 
tensor Y 11 , and six of the tensor ZkliJ· . 
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2. Chronometrically invariant definition of 
gravitational-inertial waves 

Thus the Riemann world tensor R«lly& breaks down into three 
chronometrically invariant three-dimensional tensors (12,13). 
expressible in turn in terms of the gravitational-inertial physical 
characteristics of the three-dimensional space co-moving with the 
chosen reference body, (12,5) - (12. 7) and (12.10), We will relate 
the definition of gravitational-inertial waves to the four gravita
tional-inertial characteristics (12.5) - (12. 7) and (12.10), and also 
to the quantities (12,13) which are expressed in terms of these 
according to formulas (12.15)- (12.17). . 

A chronometrically invariant definition of the d'Alembert oper
ator in the general theory of relativity, realizing Zel'manov's idea, 
has been formulated in /94/. 

The chronometrically invariant criterion for 
the existence of gravitational-inertial waves is 
that the following three-dimensional chronometric 
invariants -the vectors F;, the tensors D 0 ,A 11,K,11 i 

and the scalars composed of these, as well as the 
tensors X;J, Y;ik, Zw1 expressed in terms of these
satisfy equations of the form 

·op = Q. (12.20) 

The following notation is introduced here: 

(12.21) 

so that *D is the chronometrically invariant spatially covariant 
d'Alembert wave operator and a is a scalar function of the coordi
nates. It is assumed that Q does not explicitly contain second 
derivatives of the sought function P. The latter will be called 
wave function according to tradition, in the sense of equation (12.20). 
The role of the wave function P will be played by various · 
chronometrically invariant quantities of a three-dimensional
tensor nature. Investigating the chronometrically invariant wave 
criterion reduces to analyzing whether it is fulfilled for various 
chronometrically invariant characteristics of the frame of reference 
and gravitational field with respect to this frame. Accordingly it 
is necessary to distinguish behyeen gravitational-inertial waves of 
force F;, deformation D 1" and curvature KkliJ• 

In /94/ this criterion was used to analyze a ·number of known 
solutions of the Einstein equations in a vacuum. It was shown that 
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it is met for all known solutions of Petrov type N (solutions of 
Peres /160/, Takeno /153, 163/, Petrov /65/ et al.) but not for 
the "cylindrical wave" solutions of Einstein-Rosen /187/ and 
Kompaneets /189/, which are not of type N. Note that the latter 
two solutions (Petrov type I) fail to satisfy any of the generally 
covariant criteria for gravitational waves considered in the pre
ceding chapters (criteria of Lichnerowicz, Bel, Pirani, Zel'manov, 
et al.). 

Let us look at wave equations of the form (12.20) for gravitational 
fields corresponding to certain exact solutions of Einstein's 
equations in a vacuum (2.2). 

The Peres solution (9.30) - (9.31) belongs to Petrov type N. 
In order to simplify the calculations we impose the additional 
condition':' /,1 = /, 2 =0 upon f as a result of which the only field 
equation (9.31) is identically satisfied. 

Using formulas (12.3), we have the following for an arbitrary 
function P of argument (x0 + x3): 

•ap= ~ P, 8 , *P, 3 = 1 _! 21 P,a, 

•a•ap = (1 _
1

2!)2 [P,oo (1- 2/) + /,aP.a], 

*{}3*{)3P = (1 ~ 2!)" [P,aa (1- 2/) + 2/, 3P, 3]. 

From the above, expressing P,00 in terms of *f)*f)P and P,33 in 
terms of *{)3*{) 3P, and noting that 

we reduce the ordinary wave equation for the function P(x0 + x3 ) 

P,aa - P,oo = 0 

to the required form in the given frame of reference 

-, In actual fact this condition means that we are confining ourselves to a flat space-time, since 
the nonzero components of the Riemann tensor for the metric (9.30) are given by 

Raua = Rauo = Rouo = Rouo = /,11 , Ra223 = R3220 = Ro220 = /,22 , 

Ra122 = Ra12o = Ro12s = Ro12o = /,12. 

Thus our case will fit inertial waves only. The more general case of gravitational-inertial 

waves in a space-time with R"~YB =f= 0 will be considered later for different exact solutions 
of the Einstein equations. 
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(*V2 
- *a*a) P = o. (12.22) 

Since the three-dimensional scalars 

. Ua)2 D= f,a 
F;F' = (1 ....:_ 2f)a' (1- 2/>''' 

for this metric likewise depend on the argument x0 + x 3 only 
(Au,= 0 for /,1 = /,2 =0), it follows that they satisfy equation (12.22), 
i.e., that they are solutions of the chronometric ally invariant equation 
(12.20) for Q =0, a= 1. 

Let us now obtain the wave equations for the gravitational
inertial force vector pi and the deformation velocity tensor D 111. in 
the given reference system. The field of the vector F1 is given by 

F 0 F 0 F - /,a • 
1 = . 2 = ' - - <1-zn2 ' 

computing the quantity *OF;, we obtain the form of the right-hand 
side of equation (12.20) provided that it does not contain 
derivatives higher than the first order in F1• If such derivatives 
are present on the right, it obviously follows that the equation is 
not a wave equation; this is the situation, for example, for the 
Einstein-Rosen and Kompaneets metrics. 

The results of calculations for the Peres metric lead to the 
following chronometrically invariant spatially covariant equations; 

•o Fi = - 3Fi (•v ;Fi + + F ;Fi), (12.23) 

(12.24) 

Equations (12.23) - (12.24) are obviously chronometrically in
variant equations for a wavelike gravitational-inertial field, the 
nonlinearities on the right representing the sources of the gravita
tional-inertial perturbations. 

The Takeno solution (10.5) also belongs to Petrov type N. Upon 
calculating the tensor of the angular velocity of absolute rotation (12.6) 
forthemetric(10,5), wefindthatitvanishes: A 11,=0. But, as 
Zel' manov shows /206/, this is necessary and sufficient to make 
all g0 ; vanish in this region by the transformation (12.1). There
fore, assuming from now on that S = 0 in the metric (10.5), we find 
that the scalars 
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F;Fi =-.:;;:, 
D= -~1 (PM a+MP 3) 

2mP • ' ' 

satisfy the chronometrically invariant wave equation 

·o G = -
1 b'k ·v .a-v .M 

2M ' ~ ' 

where G is any of the chronometrically invariant scalars F1F1 and 
nt. 

For the gravitational-inertial force vector the wave equation 
becomes 

·oF'= Fi (- 2F;Fi + 3•an + 2D;1Dil- nz) + 
+ 2~ bik •vkM (2F1Fi- •an- DiiDil), 

from which it follows, in particular, that the sources of wave per
turbations of the gravitational-inertial field depend on the deforma
tion of the frame of reference. 

The Petrov solution (9.15) was examined in a different coordi
nate system by Bondi, Pirani and Robinson /143/; Synge /172/ 
interpreted it in the language of "body gravitational waves." 
We will write as follows: 

(12.25) 

where ex, ~. y are functions of the argument x 0 + x1 related by a 
single differential equation /65/. For this solution, in the frame of 
reference (12.25), pt = 0, A 0 , =0, and the scalar Dis given by 

1 
D = 2 ·a In (cxr - ~2) 

and satisfies a scalar wave equation of the type (12.20) for a= 1: 

We turn now to solutions of Petrov type T1 • It appears that the 
wave criterion under consideration -unlike other generally 
covariant criteria - can be satisfied by certain type T1 metrics 
as well, Thus the metrics 
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ds2 =- 0(.-1 dJ;02 + adx12 + ydx2 2 + rsh2xldJ;32, 

ds2 = - 0(.-1 dxO 2 + 0(. dJ;l 2 + r dJ;2 2 + r cb2 x2 dJ;3 2 

where a and r are functions of the argument x0 + x1 (a< 0, y < 0) 
satisfying a certain system of differential equations 1941, define 
gravitational fields of type D I 207 I. The three-dimensional 
space ofthe frame of reference is holonomic ( A 1k = 0), and the 
chronometrically invariant scalars D and F;Ft satisfy the wave 
equation (12.20) for a= a: 

A solution which merits special discussion is that of Einstein
Rosen I 18 7 I, which belongs to type I: 

(12.26) 

where y and a are functions of x 1 and x0 satisfying the differential 
equations 

1 
O!..n + 70!.,1- O!.,oo = 0, 

Y,1 = X
1 

[(0!.,1)
2 + (0!.,2)2], Yo= 2x10!.,10!.,o. 

(12.27) 

(12.28) 

It can be shown 1941 that although the "cylindrical waves" equa
tion (12.27) admits of chronometrically invariant formulation (12.20) 
for a=1, 

neither it not an analogous equation of the type (12.20) with a differ
ent right-hand side and different a will be satisfied by the chrono
metrically invariant scalars D and F1Ft ( A 1,. = 0), or by any of their 
scalar functions. 

An analogous result holds for the Kompaneets metric I 189 I, 
which generalizes the Einstein-Rosen metric: 

(12.29) 

where a,~. y, 6 are functions of x1 and x0• From the field equations 
one can arrive at two equations for "interacting cylindrical waves": 

(12.30) 
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[x1 (PQ -1)-'hQ.d,1 - x 1 [(PQ -1)-'fzQ,o],o = 0, (12.31) 

where the following notation is used: 

As in the case of the Einstein-Rosen metric, the system of equa
tions (12.30)- (12.31) admits of chronometrically invariant spati
ally-covariant formulation (12.20) for a =1: 

'Dr= Ba.~~t..a [(~2 -A.)n+oor2J, 

•o 6 = 8a.;W [(~2- A.) oo + n62], 

(12.32) 

(12.33) 

where A.= y6- ~ 2 , and n and ro are certain functions of ex,~. y, 6 
and their first derivatives. However, equations of the (12.20) type 
c:re likewise not satisfied by D, F;Ft or by their scalar functions. 

To close this section we will discuss the question of the general 
relationship between the chronometrically invariant criterion 
(12.20) and the generally covariant Zel'manov criterion (Ch. 7) 
examined in /165/. Writing down the system of 20 equations 

in chronometrically invariant spatially covariant form, we arrive, 
after fairly extensive calculations, at the following three systems 
of equations: 

('V2 -'8'8)Xii=Aii (six equations), 
(1) 

('V2- ·a·a) Yiik = Aiik (eight equations), 
(2) 

('V2 - ·a· a) ZkliJ = Aklii (six equations), 
(3) 

(12,34) 

(12.35) 

(12.36) 

where the right -hand sides Ati, Alik, Aklli are chronometrically invari-
(1) (2) (3) 

ant spatial tensors of the second, third and fourth rank, respectively, 
and contain no derivatives higher than the first order in the "wave 
functions" Xii, ytik, Zklii. These equations are given in expanded 
form in Appendix II. 

Thus a n y s p a c e - t i m e V 4 s a t i s f y i n g t h e Z e l ' m a n o v 
generally covariant criterion of gravitational 
waves will also satisfy the chronometrically in
variant criterion of gravitational-inertial waves. 
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The role of the wave functions in the corresponding wave equations 
of the type (12.20) is filled by the chronometrically invariant 
tensors (12.13), i.e., by the quantities Xti, Yiik, Zklli, which repre
sent the Riemann tensor in the given frame of reference. 

3. Physical conditions of existence of gravitational
inertial waves 

Since equations (12.20) are not generally covariant, the waves 
described by these equations are closely related to the physical 
characteristics of the chosen frame of reference and more specifi
cally to the chronometrically invariant quantities Ft. A 0 , and D 11, 

(12.5)- (12. 7). Let us investigate what part these physical 
quantities play in wave equations of the type (12.20) and how they 
influence the existence of gravitational-inertial waves. It is clear, 
for instance, that the choice of a frame of reference based on the 
form of the quantities Ft, A;,, and D 0 , may lead to restrictions under 
which the tensors X 1i, yiik and zklii become stationary, i.e., time
independent. Then the chronometrically invariant d'Alembertian 
(12.21) in equations (12.20) degenerates into a Laplacian, testifying 
to the absence of physical gravitational-inertial waves in the given 
frame of reference. 

Moreover, in the chosen frame of reference the three-dimensional 
Laplacian •v2 enteringtheexpressionfor *D (12.21)maymakethe 
"wave function" vanish. This situation maybe realized, for example, 
wheneverthefunctions P in(12.20)arehomogeneous: *V 1 P = 0. 

Thus both of the above situations (stationarity and homogeneity 
of the wave function) can be regarded as sufficient (but not gener
ally speaking necessary) conditions for the absence of gravitational
inertial waves in the specified frame of reference. 

By expressing the identities (7.8) in chronometrically invariant 
notation, one can easily show 12081 that in the Einstein spaces (3. 7) the 
chronometrically invariant representatives of the Riemann tensor 
x'i, ytik, zikli always satisfy the wave equation (12.20) for a= 1 
and a definite choice of the right -hand side of Q. Thus the 
question of the existence of gravitational-inertial waves for the 
quantities x'i, ytiK, ztkli in Einstein spaces reduces merely to in
vestigation of the nontriviality (in the above sense) of the left-hand 
sides of these wave equations. 

In I 208 I a study was made -not just for Einstein spaces but in 
the general case as well -of the sufficient conditions under which 
a frame of reference does not admit of gravitational-inertial 
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waves, i.e., the left-hand side of equation (12.20) necessarily 
becomes degenerate. A complete classification of frames of refer
ence not admitting of gravitational-inertial waves (either due to 
stationarity of the wave function of due to its homogeneity) is given 
in this work for all chronometrically invariant quantities playing 
the part of wave functions. 

Let us quote the results of this study for the case of an arbitrary 
gravitational field in a medium with the energy-momentum tensor 
Tall' We introduce, in accordance with Zel'manov /205/, the 
concepts of chronometrically invariant density, pressure and stress 
tensor of the medium: 

(12.37) 

Let the part of wave functions be played by the chronometrically 
invariant representatives x'i, yiik, zikli of the Riemann world tensor. 
We will investigate the wave equation (12.20) for these functions in 
frames of reference such that: 

a) all chronometrically invariant mechanical characteristics 
of the frame of reference ( 12.5) - ( 12. 7) tend to zero, 

b) one of these is nonzero, 
c) two of these are nonzero, and 
d) all three chronometrically invariant mechanical character

istics of the frame of reference are nonzero: F' =I= 0, A 1,. =f=. 0, 
D;k =f= 0, and we will determine which frames of reference fail to 
admit of gravitational-inertial waves, due to the homogeneity or 
stationarity of the wave functions. 

Let the following homogeneity conditions be fulfilled:':' 

(12.38) 

One can show that in this case all the wave functions are homo
geneous, i.e., 

*OP =- *a*aP 

for any of the tensors (12.13). Thus when the homogeneity condi
tions (12.38) are fulfilled, there are no gravitational-inertial 
waves. 

' The conditions (12.38), first pointed out by Zel'manov, differ from the homogeneity conditions 

which he gives in /205/ in that in (12.38) the equations ·a~ = 0, *V1-~ilc =0 have been ax 
replaced by the equation *V;Utk=O, and the equation *V;qi =0 by the equation *Vflt=O. 



12. GRAVITATIONAL WAVES AND CHRONOMETRIC INVARIANTS 127 

Assuming next that the space is inhomogeneous, let us investi
gate another sufficient condition for the absence of gravitational
inertial waves, namely, stationarity of the wave functions. We 
begin with case (a), where 

F1 = 0, A 11, = 0, D 11, = 0, (12.39) 

i.e., the chosen frame of reference falls freely, does not rotate and 
is not deformed.~' The quantities (12.13) then become 

Xii = 0, yttk = 0, Zikli = _ Kikli, (12.40) 

It appears that the third condition in (12.39) leads to stationarity of 
the three-dimensional curvature tensor Ktkti, and consequently 
there are no gravitational-inertial waves in this frame of reference. 

Conditions (12.39), which define the frame of reference, 
make it possible to recover uniquely the general form of the space
time metric V4 • Indeed, joint fulfillment of the first and second 
conditions of (12.39) means that in the given frame of reference it 
is possible to parametrize the time lines :t' so as to have simul
taneously /205/ 

(12.41) 

The third condition (12.39) will then guarantee stationarity of the 
three -dimensional metric tensor ( 12 .4). According to Cotton's 
result (see /65/, p. 389), the three-dimensional metric b1,. may be 
transformed in this case to a diagonal form. Thus in order for 
there to exist a frame of reference satisfying conditions (12.39), it 
is necessary and sufficient that the given V, be a reducible space 
of the special type 

ds2 = dxO 2 + gudxl2 + g22dx2 2 + gndxs 2, 
gil= gil (xl, x 2

, xS). 
(12.42) 

It can be proved that the Einstein space (3. 7) with metric of the 
type (12.42) is always flat (see /65/, p. 390). 

Consider now the case when the second of conditions (12.39) is 
not fulfilled: 

Fi = 0, A 1,. =f=. 0, D;,. = 0, (12 .43) 

• Here, and henceforth when speaking of the free fall, rotation and defc;>rmation of a frame of 
reference, we will be referring to the corresponding motions of the three -dimensional space of 
the given frame of reference with respect to the locally co-moving geodesic system. 
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i.e., the frame of reference rotates while falling freely and without 
being deformed. The first condition in (12.43) permits us to choose 
a parametrization of the time lines x0 such that the following 
conditions be fulfilled I 205 I: 

goo = 1, *iJgoi = 0. 

One can show that in a frame of reference with the properties 
(12.43), all g;, are also stationary. From this it follows that the 
metric gafl of the space-time v4 is stationary and therefore that the 
quantities (12.13) are stationary too. Thus a frame of reference of 
the type (12.43) will not admit of gravitational-inertial waves. The 
well-known Godel metric 12091 is an example which fits this case. 

Next, consider the case where the first condition in (12.39) is 
violated: 

F1 =F 0, A I" = 0, D i" = 0, (12.44) 

i.e., the frame of reference accelerates without rotating or becoming 
deformed. The space-time metric can then be reduced to the form 

ds2 =goo (xo, x\ x2, x3) dxo z + gndx12 + g22dx2 2+ gssdxs2, 

g;; = gii (xl, x 2
, x3

). 

(12.45) 

The quantities (12.13) in this frame of reference assume the form 

Xii = +n7iFi + "'viFi) _ FiFi, 

Yiik = 0, 
Zikti = _ Kikti 

(12.46) 

(12.47) 
(12.48) 

Due to the third condition of (12.44) z;kti is stationary and thus 
the problem reduces to investigating the wave properties of Xii. 

Using the chronometrically invariant form of the field equations, 
we can write Xli as 

XiJ = (Kii + Abii) + + (pbii + 2Uii - Ubii), (12.49) 

where A is the cosmological constant. 
From this it follows that waves of X1i are impossible in a vacuum 

owing to the stationarity of this "wave function," even though as a 
rule the four-dimensional metric gafl is then nonstationary. 

In the general case (Ta 11 =f=O) it follows from the field equations 
and from the conservation laws that the mass density p is 
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independent of time in the frame of reference under consideration. 
But the stress tensor U'i is generally nonstationary. Thus the non
stationarity of xii is due in this case to the nonstationarity of the 
stress tensor uii, and the question of the absence of waves in a 
medium needs to be analyzed in detail for every choice of Ta~ in 
the field equations. 

Let us first require that the given frame of reference be co
moving with the medium. In this case the stress tensor may be 
expressed as 

ljfi = pbii _ ~ii = P<o>bii _ a}i, (12.50) 

where ~ti is the first viscosity, which develops in anisotropic 
deformation, afi is the second viscosity, which develops in iso
tropic deformation, p is the true pressure, and P<o> is the equi
librium pressure, determined from the equation of state. Since 
the viscosity of the medium is not felt in the co-moving frame of 
reference in the absence of deformation, it follows that. uti = pb'i ' 
and, therefore, that p = P<o>. 

If the medium is baroclinic, i.e., if p 0 = p0 (p, -r), where -r is 
the absolute temperature, then 

(12 .51) 

and thus the X'i are generally nonstationary. In the case of a baro
tropic medium, for which P<o> = P<o> (p), the frame of reference under 
consideration does not admit of gravitational-inertial waves in 
view of the stationarity of the stress tensor. We will show that in 
a barotropic medium the four-dimensional metric tensor ga.IJ is 
also stationary. 

Under the above assumptions the equations for the relativistic 
conservations laws become 

·ap = o, 

-+1 
a;p = -a; ln l'fu. p p 

(12.52) 

(12.53) 

Here equation (12.53) is the chronometrically invariant analog of 
the condition of equilibrium in hydrodynamics extended to the case 
of the gravitational field /210/. Equations (12.52) - (12.53) together 
lead to the following expression for g00 : · 
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g0o = exp 2 [ T (x0 ) + R (x1)l, 

where R and T are arbitrary functions of their arguments. 
With the help of the coordinate transformation 

the metric can be reduced to the stationary form 

ds2 = exp [21{ (xi)] dx02 + g11 dx12 +g22 d:f22 + g33 df32
, 

iii= iii (x1 , X2, f 3). 

(12.54) 

(12.55) 

(12.56) 

(An example of such a frame is that in which the Schwarzschild 
metric is usually written). The main conclusion to emerge from 
the case under consideration is that if the medium is barotropic, 
then the frame of reference co-moving with it will not admit of the 
existence of gravitational-inertial waves. 

In discussing the case of an arbitrary energy-momentum tensor 
our only assumption was that the frame of reference is co-moving 
with the medium. However, certain variants of the energy
momentum tensor for which this assumption does not hold are of 
interest. The first such example is the energy-momentum tensor 
of an ideal fluid: 

It follows from the field equations that the corresponding frame of 
reference is co-moving with the mass, i.e., J' = 0. From the 
chronometrically invariant formulation of the field equations one 
can show that the frame of reference must also be co-moving with 
the medium in this case. This means that in an ideal fluid, as in 
the previous instance, gravitational-inertial waves cannot exist if 
the medium is barotropic. 

Consider another example -the energy-momentum tensor of 
dissipative systems:':' 

(12.57) 

Intheframeofreferencecorresponding to the notation of (12.57) 
viscosity does not develop in view of the third condition of (12.44), 

" The following considerations are valid assuming that the dissipative processes (viscosity and 
thermal conduction) are not too strong /210 I. 
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and since the frame of reference is co-moving with the mass there is 
no flux of heat. In this frame of reference, therefore, T«fl for a 
dissipative medium reduces to the T a.r. for an ideal fluid discussed 
above. 

The third example is that of the energy-momentum tensor of 
the electromagnetic field (2.30). Let 

•p«il - ...!.. TJ«/l!-LY F - 2 !-LY 

be the tensor dual to the Maxwell tensor. We set 

(12.58) 

where di and hi are the chronometrically invariant stress vectors 
of the electric and magnetic fields, respectively. One can show 
I 211 I that these vectors are related to the chronometrically 
invariant representatives of the energy-momentum tensor of the 
electromagnetic field by the following relations: 

(12.59) 

Ji = TJtmndmhn, (12.60) 

uii = pbii- (h'h; + d'di). ( 12.61) 

In order for the electromagnetic field Fl-'. to be isotropic, i.e., in 
order for it to satisfy the relations 

or, in chronometrically invariant form, 

b = d, bm dm = 0, 

it is necessary and sufficient that the condition 

(12.62) 

be satisfied 12111. It followsfrom(12.62)thataframeofreference 
co-moving with the "mass," in which Ji = 0, cannot be realized in 
an isotropic electromagnetic field; from now on, therefore, we 
will consider the electromagnetic field to be anisotropic. 
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The tensor Xik for the electromagnetic field becomes 

(12.63) 

whence it follows that 

( 12. 64) 

Let us determine for which anisotropic electromagnetic fields 
the tensor Xik is stationary. In chronometrically invariant form 
the Maxwell equations are given by 

eimn (*'i/ m - Fm) (hn Vb) = *f)(di VlJ), 

eimn(*Vm - Fm) (dn Vb) =- *{) (h' fb), 

*\1 mdm = 2hmQm, 

·vmhm = 2dmQm· 

(12.65) 

From the condition that Ji= 0 follows the collinearity of the vectors 
h; and d;: 

(12.66) 

Setting *ad;= *ahi = 0 and taking (12.66) into account, we obtain, 
from equations (12.65), 

then 

But every vector !1 proportional to the gradient satisfies an 
equation of the form 

(12.67) 

(12.68) 

(12.69) 

Thus in an anisotropic electromagnetic field gravitational-inertial 
waves Xik are not present if the chronometrically invariant stress 
vectors of the electric and magnetic fields satisfy condition (12. 69). 

Lastly, let us consider the case where the third condition of 
(12.39) is not satisfied, i.e., where the frame of reference falls 
freely and does not rotate but undergoes deformation; such a 
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system is termed semigeodesic (synchronous): 

F 1 = 0, A 11, = 0, Do, =f=. 0. (12. 70) 

According to (12.15) - (12.17), in this frame of reference the 
three-dimensional tensors (12.13) become 

X 1i = - DDii + D~ Di" + (K1i + Ab1i) + 
+ ; (pb1i + 2UiJ- Ub1i), 

yiJk = •vin'" _ ·v«nJit, 
zt~czi = nit DlJ _ Dil D"i _ Ki"li 

and are generally nonstationary. 

(12.71) 

(12.72) 
(12. 73) 

Let us turn now to case (c), in which two of the conditions 
(12.39) are not met. Let the frame of reference accelerate and 
rotate without becoming deformed: 

pt =f=. 0, A 1,. =f=. 0, D 1,. = 0. 

The tensors (12 .13) then become 

xiJ = 3A~jA"i + (Kii + AbiJ) + ; (pb1i + 2Uii- Ub1i), 

yii" = •viA'" _ *V'Ai" + 2AiiF", 

zi~li =A'" Ali_ AilA"i + 2A'iA1cl_ K'"zJ. 

Making use of the identity 

(12. 74) 

(12. 75) 

(12. 76) 

(12.77) 

(12. 78) 

and recalling that in an undeformed frame of reference *aA;,. = *aA 1k, 

we conclude, from (12. 75), that the nonstationarity of Xlk is due to 
the rotational character of the field F' and to the nonstationarity 
of the chronometrically invariant representatives of the energy
momentum tensor. Similarly, from (12.76) and (12.77) it is clear 
that the nonstationarity of ytik is due to the rotational character 
and nonstationarity of the field F', and that the nonstationarity of 
ztkti is due entirely to the rotational character of the field F'. 
Thus for the case of rotational fields ( *Vr,.F11 =1= 0) a frame of 
reference of the type (12. 74) does not preclude the existence of 
gravitational-inertial waves of all three chronometrically invariant 
representatives of the Riemann tensor. 

On the other hand, if the field Fi is irrotational, •v[AF11 = 0, then 
it follows from ( 12. 76) that ztkti is stationary. The tensor ytik is 
generally nonstationary in this case, since 
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(12. 79) 

The tensor Xik is nonstationary only for Tall=I=O. In the latter case 
the equations for the conservation laws in the frame of reference 
(12.74) lead to the conditions Jl=f=O, *ap =1= 0- unlike case (12.39). 

The condition that Jl =1= 0 means that the given frame of reference 
can exist not only in an anisotropic, but also in an isotropic electro
magnetic field . Let it be co-moving with the medium. Then 
ljtk = pbik in formula (12.50) and 

(12.80) 

In this case the function Xli will be nonstationary in a baroclinic 
as well as in a barotropic medium, unlike the third case considered. 
The special case where the barotropic medium is characterized by 
the equation of state p = p (medium of superhigh density, e. g., near 
a singularity) constitutes an exception; here *aX1i vanishes. Thus 
a frame of reference characterized by acceleration and nonstationary 
rotation does not preclude the existence of gravitational-inertial 
waves Xli, Yiik, ztkti. A frame of reference characterized by acceler
ation and stationary rotation does not admit of the existence of 
waves Xli (in vacuum or in a medium described by the equation 
p = p ), nor does it admit of the existence of waves ztkti. 

For a frame of reference satisfying the demands ( 12.44) we find 
that in the case under consideration the functions Xli, Ytik, zt~<li have 
precisely the same form ( 12.71) - ( 12. 73) as in a semigeodesic 
frame of reference and are, as a rule, nonstationary. 

In the case where 

F; = 0, Ail,=/= 0, D 11, =/= 0, 

the functions Xti, ytik, Zikti are given by 

Xik =- 3A~jAki- DDik- D}DkJ + (Kik + Abik) + 
+ ~ (pbn + 2Utk- Ub;"), 

yiilc = •vi (D;" + Aik) _*Vi (Dik + Aik), 

Since F 1 =0, it follows from the relation 

(12.81) 

(12.82) 

(12.83) 

(12.84) 
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that the nonstationarity of the "wave functions" is due entirely 
to the deformation ofthe frame of reference. Unlike Aik, the tensor 
Au, is stationary in this case. 

Lastly, looking at the case where none of the three character
istics of the frame of reference vanishes, 

we see that all three "wave functions" (12.15) - ( 12.17) are generally 
speaking nonstationary. 

We have been investigating the conditions sufficient for the 
absence of gravitational-inertial waves characterizable by chrono
metricallyinvariant "representatives" of the Riemann tensor, i.e., 
homogeneity and stationarity of the quantities (12.13). We note 
that the homogeneity of all of these simultaneously is caused by 
the homogeneity of space. 

Besides the waves Xii, yiile and znz; studied here, it is also inter
esting to analyze gravitational-inertial waves for which it is the 
chronometrically invariant characteristics of the frame of reference 
itself that serve as wave functions: waves of deformation Dile• 
waves of rotation Aile• waves of gravitational-inertial force Fp 
and waves of curvature K;~ezJ• The results of this analysis are as 
follows /208/: 

Waves of rotation A;~earepresentfor Fi=Oandforany 
Dik and absent for F; =f=O if Dile =f=O or (for D,le =0) *Vn,Fu =1=0 
(rotational gravitational-inertial field). 

Waves of acceleration (force) F; are generally 
present (i.e., the field Fi is not stationary) for any Aile and Dit• 

Waves of deformation Dile are present only if*VJDile"""O 
(inhomogeneity of the deformation) and for *8*8b;le =1= 0, irrespective 
of the properties of A;k and Fi. 

Waves of curvature Kiikl are present in any deformed 
frame of reference ( D;1e =1= 0) 

This exhausts the list of gravitational-inertial waves in arbi
trary frames of reference. Further research might profitably 
concern the effect of gravitational-inertial waves on concrete 
physical systems. In particular, research on the effect of 
gravitational-inertial waves on systems of test bodies, as men
tioned by a number of authors /95, 212-214/, could bring to light 
possible ways of detecting gravitational waves in the laboratory. 
The chronometrically invariant approach could play an important 
role here as a means of describing"the observables -physical 
quantities, measured by laboratory means. Accordingly it will be 
useful to discuss the problem of the experimental detection of 
gravitational waves. 



Chapter 13 

THE PROBLEM OF GRAVITATIONAL WAVES 
AND PHYSICAL EXPERIMENT 

1. Geodesic deviation of test particles 

The expression of the field functions in the language of observ
able quantities accessible to physical measurement is bound to be 
important in any attempt to compare the results of the theory of 
gravitational radiation with the experimental data. Such 
observables have already been considered in Chapter 11, namely 
the invariant geometric objects characterizing the Riemann tensor 
as a field function within the framework of a tetrad formalism. 
In another variant, the chronometrically invariant approach of 
Chapter 12, we introduced the chronometrically invariant "com
ponents" of the Riemann tensor. We will now consider the problem 
of the physical basis for the experimental detection of gravitational 
radiation. 

The most convenient way of observing the quantities which 
characterize gravitational waves is to record the motion of test 
particles. Let there be given a set of test particles moving along 
geodesic lines xa (s), where s is the arc length along the geodesic. 
Let xa (s, v) be a one -parameter family of such curves, a change in 
the parameter v corresponding to passage from one geodesic to 
another. We introduce the two vectors 

of which the first is the tangent to the geodesic and the second is the 
infinitesimal displacement for one particle relative to another, 

which is orthogonal to the tangent. Let ! be the covariant differ

ential of displacement along the geodesic, divided by the element ds. 

136 
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The quantity 

is called the geodesic deviation and is interpreted physically 
as the measure of the relative acceleration of two infinitely close 
particles moving along adjacent geodesics. The role of this 
quantity in the theory of gravitation is obvious from the well-known 
equation of geodesic deviation: 

(13.1) 

(see, for instance, /60, 172/). 
Equation (13.1) shows that the relative acceleration of two near

by particles moving without being influenced by external (nongravi
tational) forces is completely determined by the physical components 
of the curvature tensor. Consequently if we perturb the components 
of the Riemann tensor we modify the relative acceleration of the two 
particles. Conversely, by observing the relative acceleration of 
the particles we can measure the perturbations of the Riemann 
tensor due to incoming gravitational radiation. 

Let us suppose that the test particles are connected by a spring. 
The gravitational waves can then be recorded from the oscillations 
of the spring. The characteristic frequency of the system may co
incide with one of the spectral harmonics of the gravitational waves; 
it will then be possible to observe even the weakest gravitational 
waves from the resonance. 

Now let the vector TJ" connect not two adjacent test particles 
but rather two infinitely close points of a piezoelectric crystal. 
The deformation produced in the crystal by a gravitational wave· 
incident upon it will induce an electric field inside it. The integral 
of this field strength is a potential difference the measurement of 
which gives the physical components of the curvature tensor induced 
by the gravitational radiation /95/. If the integral of equation 
( 13.1) is treated as the Fourier transform of R~.,8 to TJa, then 
measuring the geodesic deviation reduces to measuring a single 
Fourier component (namely the resonance component) of the entire 
spectrum of gravitational radiation. It is therefore of interest to 
determine which frequencies are possible in the gravitational 
radiation produced by various sources. 
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2. Possible sources of gravitational waves 

In view of the difficulties encountered in generating gravitational 
waves in the laboratory it has proved advisable in experiments to 
look for gravitational waves of cosmic origin. The problem then 
arises of arriving at some sort of theoretical evaluation of the 
possible energy-mass loss due to gravitational emission for differ
ent sources. Estimates of this kind have been obtained for binary 
stars (Cooperstock /33/, Forward and Berman /215/), for 
collapsed stars (Zel'dovich-Novikov /34/), quasars (Cooperstock 
/32/), pulsars (Weber /31/, Shklovskii /216/), neutron stars 
describing nonspherical pulsations (Thorne /30/), and also the 
metagalaxy as a whole (Wheeler /36/). Let us briefly review the 
available results. 

The first cosmic objects to be considered as a possible source 
of gravitational radiation were the binary stars (15/. The 
presence of a quadrupole moment in these systems provides 
grounds for believing that they lose energy, and thus the param
eters of the stellar orbits are changing. These changes can be 
recorded by astronomical observations. Using the Landau
Lifshits energy pseudotensor to evaluate the energy of quadrupole 
gravitational radiation of a binary system in the linear approxima
tion, one can show that the energy loss E by a system of two 
bodies of mass m1 and m2 travelling along circular orbits around 
a common center of inertia at a distance r one from the other, is 
given by 

where k is the Newtonian gravitational constant and ro is the 
circular frequency of revolution. From here the rate at which 
the bodies converge due to radiative energy loss is easily 
determined: 

Subsequently a formula was also obtained for the mean flux of 
energy emitted by a pair of bodies of mass m1 and m2 revolving 
along elliptical orbits of semimajor axis a and eccentricity e· 
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where T is the period of revolution. Expressions were also ob
tained /217/ for the energy loss of binary systems and their gravi
tational radiation spectrum in the case of hyperbolic motion, free 
fall and other types of motion. 

As in the case of the problem of energy, research has been 
carried out into the problem of the loss of gravitational momentum 
by binary stars due to their gravitational emission (Cooperstock 
/33/). Within the limits of the linearized theory of gravitation it 
was shown that binary stars may lose gravitational momentum 
(defined via the energy-momentum pseudotensor) with an intensity 
of the same order as energy. A formula was obtained expressing 
explicitly the functional dependence of the total momentum flux on 
the difference in phase of the components of the binary system. 

According to computations by Forward and Berman /215/, for 
binary neutron stars the theoretical maximum emission rate 
is P ~ 6 · 1048 watt, and it does not depend on the sum of the masses 
of the pair components. 

Other than binary stars cosmic sources of gravitational radiation 
may consist of cosmic bodies (planets, asteroids and so forth) 
falling on collapsed stars. It is easy to compute (in the 
linear approximation) that if such a source lies at distance of 
""500 Mpc from the Earth, then for, say, m =me and M = 102 "'<!> 
( M being the mass of the collapsed star and m the mass of the 
body falling on it in a straight line or along a spiral), near the 
Earth the flux of power emitted may amount to 0. 7 erg/ cm2 sec 
/34/. However, it is not known how frequent such processes are in 
the metagalaxy. Basing themselves on rigorous solutions of the 
field equations, Forward and Berman /215/ propose to refine the 
estimate obtained by Zel'dovich and Novikov /34/ for'the gravita
tional power emitted by collapsed stars from the linearized theory 
of gravitation. 

Thorne concludes /30/ that neutron stars which pulsate 
in nonspherical manner can give rise to considerably 
stronger gravitational emission (compared with binary stars). In 
contradistinction with the approach usually employed to the prob
lem of the gravitational radiation of binary stars, in which the 
stars are represented as material points and the calculations are 
carried out in the linear approximation, in Thorne's work use is 
made of concrete models of neutron stars, the calculations being 
carried out by an approximation method in which the Schwarzschild 
solution is the point of departure. 

On the average the period of pulsation T of a neutron star lies 
within the range 10-4 - 10-3 sec. If we assume that the pulsation 
energy is entirely converted into the energy of gravitational radiation, 
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then given certain logical assumptions regarding oscillation ampli
tude, a neutron star may, according to Thorne, emit energy of the 
order of 1051 erg in one period of pulsation. These estimates 
agree as to order of magnitude with similar ones by Wheeler /238/, 
although the latter are valid only in the linear approximation. 

Thorne and his colleagues have carried out a general study of 
the nonradial pulsations of stellar models in the Einstein theory 
of gravitation /218-222/. We will briefly describe their method. 
Let the unperturbed line element 

(13.2) 

describe a spherically symmetric equilibrium configuration 

v = v (r), A. = A. (r). 

The gravitational field of a perturbed configuration (a pulsating 
and, generally, revolving star) will then be given by the line 
element 

where ha{l is the perturbation of the metric tensor relative to 
the stationary metric (13.2). The displacement s of an element 
of ideal fluid from the equilibrium position, deviations of 
density and pressure from equilibrium values inside the fluicl ( llp 
and llp, respectively) as well as perturbations ha{l of the metric, 
are expanded in spherical harmonics /218/. The perturbed metric 
is written as follows: 

ds 2 = e• (1 + H 0 Y~) dt2 + 2H 1Y!ndt dr- e1
• (1- H 0 Y!,)dr 2

-

- r2 
( 1 - KY~) (d82 + sin2 8 dqJ2

), (13.3) 

where the functions lf0(t, r), lf1(t, r), lf2(t, r) and K characterize 
perturbations of the metric, and y:, (8, IP) is an ordinary spherical 
harmonic: 

yl (8 ) = [ 21 + 1 (l- m)! ]''• pm ( 8) im</> 
m , IJl 4l't (l + m)l 1 cos e . 

Inserting the metric (13.3) in Einstein's equations and retaining 
only terms linear in the perturbations hafl• we can solve these 
equations by numerical integration. Machine calculations for 
specially selected models of neutron stars /221, 222/ have made it 
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possible to determine the frequency spectrum of their gravitational 
radiation, pulsation periods (-10-3 sec), pulse powers (-105~ erg 
per sec) and the decay times of perturbations due to emission 
(- 1 sec). 

C ooperstock /3 2/ investigated the transfer of energy by gravita
tional radiation from quasi -stellar sources (quasars) . 
He uses the Fowler model /223/, according to which a quasar 
consists of a core formed by two collapsed stars and an outer 
quasi-stable shell; the transfer of energy by gravitational 
radiation from the rotating core to the shell leads to "polar 
explosion," giving rise to an intensive movement of stellar material 
in the direction of the axis of rotation of the core. If the shell 
describes radial oscillations, then the power of resonance gravita
ti-onal radiationof the core calculated with the Landau-Lifshits 
pseudotensor will exhibit an angular dependence of the form 
""sin2 8 (the angle 8 gives the direction of radiation relative 
to the core's axis of rotation). Thus radiation is absent in the 
direction of the rotational axis and reaches a maximum in the 
equatorial plane. In cases where the shell is also rotating, 
the power emitted will also depend on the coincidence or 
noncoincidence of the directions of rotation of the core and 
the shell. 

Estimates have been made of the intensity of g r a vita tiona 1 
r ad i at ion of cosmological o rig in. Since gravitons are 
absorbed only very weakly by matter, once interstellar gravita
tional radiation had appeared (e. g., in the primordial "explosion" 
of the Universe) it might have persisted to the present day, its 
total intensity in the metagalaxy depending on the rate of expansion. 
According to Wheeler's calculations /224/, the present rate of 
expansion of the metagalaxy gives an energy density of gravitational 
radiation for the metagalaxy of 10-29 - 10-28 g/cm3, i.e., a power 
flux of 103 erg/ cm2 sec, with a period of T .- 106 years. 

The intensity of the g r a vita tiona l b rem s s t r a h lung of 
the Sun due to chaotic thermal (nonrelativistic) atomic collisions 
- a quantity not previously investigated -has been computed by 
Carmeli /35/. His computation is based on application of the 
classical method of Fourier integrals to the Landau-Lifschits 
expression for the intensity of gravitational radiation in thE: weak
field approximation. Carmeli obtained a sensational result accord
ing to which the power of the Sun's gravitational bremsstrahlung is 
of the order of P ~ 6 · 1015 erg/ sec, four orders higher than the 
power of gravitational radiation d~e to the total quadrupole moment 
of the planets of the solar system. Carmeli also obtained the 
frequency spectrum of gravitational bremsstrahluhg of arbitrary 
systems of interacting particles. 
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In addition to gravitational bremsstrahlung, mention must also 
be made of the possibility of gravitational emission by the Sun due 
to nuclear explosions as well as to the thermal motions of atoms 
generating a relative quadrupole moment. However, it is 
very difficult to determine the scale of nuclear explosions on the 
Sun (Braginskii and Rudenko give a few estimates of their power 
1158 /). 

Today among the strongest sources of cosmic gravitational 
radiation are believed to be pulsars, including one possible 
model, that of neutron stars pulsating with a period of 10-4 - 10-3 sec. 
If we assume that the energy of pulsation is entirely converted 
into energy of gravitational radiation, then -as we noted earlier -
within a single pulsation period a neutron star may emit energy of 
the order of 1051 erg or about 0.1% of the rest mass of the star 
itself /30/.~' This result was used by Weber /31/ to evaluate the 
order of magnitude of the Riemann tensor components 

generated by the gravitational radiation of pulsars. It was found that 
for a pulsar mass of M = 1033 g, the lower bound of values of R~~~: 
is of the order of 

3. Devices for the laboratory detection of gravitational waves 

The gravitational radiation field has been recorded experi
mentally with the aid of the quadrupole harmonic mass -detector, 
the first example of which was built in 1964 at the University of 
Maryland by Weber, Zipoy and Forward /212/. The sensitive 
element of the instrument is an aluminum cylinder weighing 
1. 5 tons, suspended in a cylindrical vacuum chamber on a metal 
filament. Where it touches the filament the cylinder is sheathed 
in a piezoelectric quartz envelope connected to a sensitive volt
meter in the radio receiver system. After certain improvements 
introduced by Sinsky /226/, the sensitivity of the mass detector 

* For other pulsar models the power emitted may be considerably less. Thus for pulsar NP 0532 
in the Crab Nebula, within the framework of the model of a rotating neutron stat whose rota
tional axis is inclined to the axis of symmetry of its magnetic field, the gravitational power 
emitted was estimated to be of the order of Bx 10 32

- Bx 1033 erg/sec /225/. 
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was such as to enable measurement of relative displacements of 
the cylinder ends (e.g., expansions and contractions due to 
incident gravitational radiation) of the order of 1 o-16 em. An 
experiment for detecting gravitational radiation using two groups 
of n identical, closely placed parallel cylinders was subse
quently suggested by Braginskii. If the oscillations in these groups 
are excited in phase, the gravitational radiant power will then be 
roughly four times greater than from a single group. 

In a further refinement of his device, Weber developed a 
system which works on the principle of coincidence of signals of 
identical frequency from two detectors /227/. It consists of two 
mass detectors with a relaxation time of 30 sec timed to the 
frequency w = 104 rad/ sec and placed at a distance of 2 km from 
each other. During 1967 this system recorded coincidences 
(accurate to /:).t =0.20 sec) of signals with a mean periodicity 
of one per month. In Weber's opinion it is extremely unlikely 
that the recorded coincidences were purely random. Weber 
assumes that the signals he detected were due to cosmic 
gravitational radiation. He demonstrated that to detect gravita
tional radiation from pulsars using this device for a measurement time 
of the order of one month, it is sufficient to record effective dis
placements tl ~ 3. 10-10 em. The level of modern experimental 
technology may thus be high enough to allow detection of cosmic 
gravitational radiation. 

Increasing the separation of the detectors, one increases the 
sensitivity of the device. Accordingly Weber later employed six 
detectors /228/, one in the Argonne National Laboratory and the 
rest in the laboratory of the University of Maryland. The distance 
between these laboratories amounts to 1,000 km. The detectors 
were adjusted to the expected gravitational radiation frequency of 
collapsed supernovas in our Galaxy- 1, 660 Hz. The signal coin
cidences recorded by this instrument during a period of several 
months nearly preclude the possibility of attributing them to random 
coincidences. Weber interprets these results as proof of the 
existence of powerful gravitational radiation in the Galaxy. 

Weber later performed a second series of experiments /229/ 
which confirmed his original results. A special feature of these 
experiments was maximum insulation of the apparatus from 
external influences of electromagnetic and seismic nature. 

The possibility of the existence of gravitational radiation in the 
Galaxy in the frequency band around 1,660 Hz impelled a number 
of researchers to seek new sources of gravitational waves in the 
Universe. According to calculations by Greenst~in /230/, cosmic 
gravitational radiation at 1,660 Hz may arise from close encounters 
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of stars in massive stellar clusters with a mean periodicity of once 
per week. Here the pulsed character of the radiation makes it 
likely that it is due to binary encounters of unstable relativistic 
objects - neutron or collapsed stars. 

One would expect gravitational radiation to have an important 
influence on the evolution not just of individual stars or stellar 
clusters, but of the Galaxy as a whole. Thus the gravitational 
radiation flux of the Galaxy recorded by Weber does not preclude 
our attributing the observable expansion of the Galaxy to the loss 
of its mass ensuing from the emission of gravitational waves 
12311. However, as many researches show 1231-2351, this 
interpretation is far from indisputable, and leads to contradictions 
with other astrophysical observations. That the interpretation of 
Weber's experiments is not unique has been demonstrated in works 
by B raginskii, Z el' dovich and R udenko I 2 3 6, 2 3 7 I. 

Seismic methods which make it possible to use the Earth as 
detector may play an important role in the problem of the detection 
of gravitational waves. This possibility seems attractive in that 
the quadrupole moment of the Earth is many orders higher than 
laboratory detectors. The frequency of the Earth's eigenoscilla
tions (of the order of 1 millihertz) makes it possible to record the 
resonant harmonics of gravitational radiation from pulsars. How
ever, as Weber has shown 1311, this method is limited by the high 
noise temperature of the terrestrial core and thus would require 
measurement of effective displacements tJ ~ 2. 10-17 em, which 
lies at the very limit of possibility of modern measuring techniques. 

A more effective approach may be to use individual seismically 
insulated inhomogeneities on the Earth's surface capable of absorb
ing gravitational radiation in the frequency band around 1 hz. In 
the linear approximation of Einstein's theory, the problem of the 
reaction of an elastic body to incident gravitational waves was 
investigated by Dyson 1258, 2591. He found that the absorption of 
gravitational waves by an elastic body takes place exclusively 
due to inhomogeneities in its shear modulus, such absorption 
being absent in a homogeneous medium. According to estimates by 
Dyson, the intensity of seismic signals due to gravitational 
radiation from probably theoretical models of pulsars at 1 Hz 
frequency is five orders lower than the noise level. However, the 
possibility of seismic recording of gravitational radiation of pulsars 
cannot be regarded as definitively closed. In particular, De Sabbata 
12391 has recently suggested using local inhomogeneities on the 
Moon's surface- "mascons"- to detect gravitational waves from 
pulsars at the same frequency (1 Hz; see also 1240/). 

Mironovskii 12411 suggested using a variant of the Weber mass 
detector to detect gravitational radiation from binary stars. The 
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receiver is a friction -free torsion pendulum of period T0 • The 
formula expressing the gravitational power emitted by a system of 
two material points moving along circular orbits about a common 
center of gravity gives the following expression for the spectral 
density of gravitational radiation of binary stars: 

p (T) = 2Nf (2T) <p (T). 

Here N is the number of stars of a given type in the Galaxy and 
T = 2n!w is the period of the gravitational wave ( T = t:/2, where 
t: is the period of revolution of the star's components about the 
common center of gravity; due to the equivalence of the components, 
the frequency of the gravitational radiation is doubled). 

In recording the emission of binary stars (fairly widespread in 
the Galaxy), the most suitable stars belong to the WUM class, 
totalling N ~ 108 in the Galaxy. For stars in this class the 
function p (T) has a sharp maximum for T = 0'1.15 (d standing for 
"day"). The gravitational radiation spectrum corresponds to 
periods of revolution of 0, 1 - 0, 5, 

The energy emitted by close pairs of binary stars of 
class WUM can be evaluated using the Landau-Lifshits pseudotensor. 
Knowing the function p (T) and integrating numerically over periods 
with N = 108

, Mironovskii obtained 1038 erg/ sec for the total 
gravitational power emitted by this type in the Galaxy, which is 
only five orders less than the corresponding electromagnetic 
radiation. Within the Solar System the flux should then be about 
10-7 erg/sec cm2

• 

In order to explore the possibility of recording this radiation, 
Mironovskii studied the equation of motion of a torsion pendulum. 
If a pendulum in equilibrium is oriented along the x-axis of an 
orhtogonal geodesic coordinate system, then the equation of geo
desic deviation for motion in the oscillation plane xy of a point of 
the pendulum lying at the distance l from the rotational axis is 
given by 

ii + w~y = - c2l :S R2010 ( r i ni) sin (2Q ;t + <Jli)· 
i 

(13.4) 

Here R2010 is the Riemann tensor component corresponding to 
the radiation field of the i-th star, Qi is its angular velocity of 
revolution, and r; and ni are vectors characterizing the position 
of the star and the orientation of it~ orbit in space, respectively. 

Solving equation ( 13 .4) and averaging over the distribution of 
the stars in space, orientations of the orbits and receiving device 
and distributions of phases and frequencies, we obtain /241/: 
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(y2)'f, = 10-19lT0'/• V f (2T0) t [em], (13.5) 

where f (T) is the probability density for distribution of WUM stars 
over periods of revolution, T 0 is the period of eigenoscillations 
of the pendulum and t is the observation time. 

Formula ( 13. 5) gives the mean deviation ij of the pendulum from 
the x -axis and is independent of the choice of energy pseudotensor. 
Mironovskii gives the following estimate for two WUM stars near us: 

As we know from the works of Weber and Braginskii, it is now 
possible in practice to measure periodic mechanical displacements 
up to an order to 10- 16 em. One may therefore hope to see 
Mironovskii' s suggestion realized experimentally. 

Besides the principle of deviation of geodesics for test particles, 
used in experiments with the quadrupole mass detector, 
researchers have recently turned to another principle by means of 
which the interaction of the electromagnetic and gravitational fields 
can be exploited for the experimental detection of gravitational 
waves. 

As we remarked in previous chapters, there exist a number of 
rigorous solutions of the gravitational field equations describing the 
propagation of gravitational and electromagnetic waves along the 
same trajectories. The existence of such gravitational fields 
follows from the general solution of the Cauchy problem for Ein
stein's equations, according to which the characteristic hypersur
faces of the equations of gravitation and electromagnetism (wave
front surfaces), and their bicharacteristics (trajectories of wave 
propagation) as well, coincide. As a result a field of electro
magnetic radiation can induce gravitational waves. It is natural 
to expect that the converse effect -stimulation of dynamic electro
magnetic fields by gravitational waves -is also present (e. g., as 
a result of the action of gravitational radiation on the field of a 
system of charged bodies). 

This effect was studied by Heintzman /242/, who examined the 
motion of test particles in a gravitational plane wave in the weak
field approximation. As the velocity of an uncharged test 
particle is not altered by interaction with a passing gravitational 
wave, it follows that a system of electrically neutral test particles 
cannot absorb gravitational radiant energy. Hence the idea 
suggests itself of using a system of charged particles and recording 
the gravitational radiation according to the variations of the 
electromagnetic energy of the detector system. Heintzman 
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computed the amount of gravitational wave energy absorbed not only 
for the case of weak fields in the linear approximation, but also for 
two exact solutions of the field equations: the metrics of Einstein
Rosen cylindrical waves and Bondi plane waves. He found that in 
all three cases the electromagnetic energy of the system of 
charged test particles is altered by the absorption of energy of 
gravitational waves: in the first and third case (plane waves in the 
linear approximation and Bondi plane waves) the amounts of 
absorbed energy are finite, while in the second case (Einstein-Rosen 
cylindrical waves) the detector can receive an unlimited amount of' 
gravitational wave energy. These results are sufficient grounds 
for using a system of charged test particles as laboratory detector 
of gravitational waves. 

A slightly different method of detection was considered by 
Vodyanitskii and Dimanshtein /465/. They obtained a solution 
of the Einstein-Maxwell system of equations for the weak field in 
the form of a plane monochromatic wave. The following formula 
was put forward for the power of the gravitational· signal (received 
by an electrical antenna with_ amplifier): 

here S is the effective surface of the antenna, ~~ and w are the 
frequencies of the gravitational and electromagnetic waves, 
respectively, propagating in opposite directions along the Ox axis, 
and E<olz and h~~l are the amplitudes of the corresponding electro
magnetic and gravitatior.al field components. 

A method for the experimental detection of gravitational waves 
using dynamical electromagnetic fields 3as also been considered. 
It is based on observation of the fluctuations produced by gravita
tional waves in electromagnetic radiation. 

A theory of perturbations (fluctuations) of the electromagnetic 
field due to the gravitational field was constructed in the linear 
approximation by Cooperstock /243/. He solved the equations for 
perturbations of the electromagnetic and gravitational fields in the 
case where a plane-polarized monochromatic electromagnetic 
wave of high frequency propagates between two ideally conducting 
parallel walls, interacting with a gravitational plane wave of low 
frequency. The fluctuations of the field were computed for two 
mutual orientations of the direction of wave propagation: where the 
directions coincided ("longitudina:l orientation"), and where they 
were mutually orthogonal ("transverse orientation"). Since it may 
be that macroscopic systems generate low-frequency gravitational 
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radiation, Cooperstock suggested that this radiation might be 
detected by observing fluctuations in the intensity of electro
magnetic radiation of celestial bodies. 

This problem was subjected to detailed investigation by Winter
berg I 244 I. He demonstrated that in the linear approximation the 
problem of the intensity fluctuations of a light signal in a medium 
with statistically distributed gravitational waves is equivalent to 
the problem of intensity fluctuations of a light signal in a medium 
with statistical distribution of inhomogeneities. On the average 
this effect is described by the formula 

(13.6) 

where / 0 is the signal intensity averaged over time, /1../ the devia
tion from the mean value / 0 , n0 the mean value of the refractive 
index of the medium, 8-n the deviation from n0 , x the distance 
between the source and the observer, and l the characteristic 
dimension of inhomogeneities in density. Defining the effective 
value n (8, <J!) of the refractive index of otherwise empty space 
filled with gravitational waves by means of the relation 

dlldt = 1/n (8, cp), 

one can obtain the effective t..n and n0 for the case of plane waves 
in a linear approximation. Then averaging with use of formula 
(13.6) gives us the expression 

~~ =1.6Jhl(+)"'· ( 13. 7) 

Here l is the characteristic length of the gravitational wave, 
h = dPt II hP·" 11, h~'" being a small correction to the pseudo- Euclidean 
metric. 

The values of 1 h 1 and l were estimated for three types of 
sources: binary stars, quasars and the entire Universe. (In the 
latter case, the author had in mind the relict gravitational 
radiation, under the assumption that at an early stage in the evolu
tion of the Universe it was in thermodynamic equilibrium with the 
relict electromagnetic radiation at a temperature of 3°K). For 
binary stars the coefficient k = 1.6 1 h lt-'f, in formula (13. 7) is 
found to be k = 5.9 · 10-40

, which for a distance x =1023 -cm yields 
fluctuations of radiation intensity of the order of 5.9 · 10-5 , i.e., 
values which can be recorded by sensitive scintillation counters 
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outside the Earth's atmosphere. The possible gravitational 
emission of quasars was estimated to be k;:::; 2. 3 · 10-40, which for 
x = 1027 em yields values easily measured even under terrestrial 
conditions: t..I// 0 ;:::;7.3. Lastly, for gravitational waves of cosmo
logical origin fluctuations amount to "'0. 5 for a star 102 light years 
away. However, the latter value is practically impossible to ob
serve since in observations of this kind the stellar diameter would 
have to exceed the length of the gravitational wave. 

Nontheless from the standpoint of principle Winterberg's method 
has not been given sufficient theoretical grounding. As Zipoy and 
Bertotti point out /245/, extrapolation of the formula (13.6) given 
by Scheffler /24 6/ for electromagnetism to the case of gravitational 
fluctuations is not admissible in the case of a strong gravitational 
field. Stellar scintillation estimates may therefore refer to purely 
coordinate effects, i.e., nonphysical and thus unobservable effects. 

We also note that the methods described above for direct mea
surement of gravitational radiation intensity with quadrupole mass 
detectors entirely disregard the possible quantum effects of the 
interaction of gravitational waves with the crystal detector. These 
effects have been investigated by some authors /247 - 254/. Their 
researches tend to confirm that it is possible to detect and generate 
gravitational waves by the techniques of quantum electronics. 

The plans for a resonant receiver of gravitational waves using 
the interaction of gravitational waves with the atomic structure of 
matter have been worked out in principle by Lavrent'ev /252/, and 
also by Kopvillem and Nagibarov /249,. 250/. Energy is first 
stored in the receiver of directed gravitational radiation by optical 
stimulation, and the gravitational ray serves to create optimum 
conditions for release of this energy in a definite direction in the 
form of a coherent electromagnetic ray. 

Kopvillem and Nagibarov /248, 255, 256/ also investigated the 
possibility of generating directed gravitational radiation in the 
laboratory by exciting coherent periodic oscillations of mass 
quadrupoles in the electron shell of atoms with the help of lasers. 
The general idea of these works consists of creating a special, 
so-called "superemissive" state of matter, the stimulation of 
which by sequences of brief, powerful pulses might be used to 
generate gravitational rays. A superemissive state of matter can 
be induced by coherent fluxes not only of photons but also of other. 
elementary particles (electrons, neutrons, protons and so forth). 
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4. Relationship between the theoretical and experimental 
aspects of the problem of gravitational waves 

The foregoing methods for experimental detection of gravita
tional waves, as we saw, are not free of flaws as far as theoretical 
grounding is concerned. Thus in Weber's calculations the equation 
of geodesic deviation is not related to physical observables, while the 
very concept of observables in the general theory of relativity is 
still far from unambiguous. Hence the necessity for choosing a 
certain preferred frame of reference, and this choice is never 
unique. 

Others among the methods considered are based on the linear
ized theory of gravitation, whose flaws we discussed earlier; on 
this argument rests, in particular, the critique of Winterberg's 
method given by Zipoy and Bertotti /245/. 

Let us note a few basic traits of the relationship between the 
theory of gravitational waves and experimental physics. 

The design of any experiment is necessarily based on definite 
premises without which interpretation of the experimental data 
would be impossible. Thus the process of measurement (compar
ing length with a standard) which underlies experiments is based on 
a definite specification of a method for identifying objects of one type. 
From this point of view the principle of relativity which underlies 
the physical theory precedes experiment (see /257/). The theoret
ical formulation of the concept of gravitational waves may there
fore be regarded as the basic premise for the interpretation of 
experimental results. 

In this respect a significant drawback of the conception of gravi
tational waves considered earlier is their internal inc om-
p let en e s s, resulting in multiplicity and inconsistency of the 
criteria. The latter is evidence that the level of the theoretical 
concepts themselves is not high enough in this field. 

Thus with regard to the best known of these criteria -the 
Lichnerowicz criterion- the very formulation contains arbitrary 
elements and inconsistencies with the initial premises. Accord
ing to the basic premise, a gravitational wave is characterized 
by discontinuities in derivatives of the type g;j,oo on the character
istic hypersurface in that coordinate system in which this hyper
surface is expressed by equation (2.15). Yet one can point to gravi
tational fields satisfying the Lichnerowicz criterion for which the 
metric components ga.tJ are smooth functions of the coordinates, 
their derivatives nowhere exhibiting Hadamard discontinuities. An 
example is the Petrov metric 
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for which 

i.e., IP = x 0 + const. It is obvious that on the "wave front" surface 
( x 0 = const) the curvature tensor components 

cannot have Hadamard discontinuities. 
Other covariant criteria for gravitational waves based on the 

concept of Hadamard discontinuity in the Riemann tensor com
ponents - discussed in previous chapters - suffer from the same 
flaw. 

In conclusion we can state that, from the theoretical as well as 
from the experimental point of view, the problem of gravitational 
waves is still very far from solved. But it remains one of the most 
pressing and fundamentally important problems not just of gravita
tion theory, but of modern physics as a whole, a problem to which 
researchers are. devoting ever more attention. It is therefore 
reasonable to expect that it will find an elegant solution and 
assume its proper place in the rigorous picture of Einstein's 
theory of gravitation. 





Appendix I 

We will prove certain theorems used in the text. Let Ra.(h& be the Riemann tensor 
of a space V4 , antisymmetric in each of the index pairs a~ and y.S. We introduce the 
two tensors conjugate to it: 

(I.1) 

It follow;; in an obvious manner from the definition (!.1) that 

(I.2) 

Theorem 1. The following relations hold in Einstein spaces: 

(I .3) 

Proof. Due to (!.2) coudition (!.3) i~ equivalent to 

(1.4) 

Thus to prove the theorem it is sufficient to prove (!.4). In order to do so we will 
make use of the relations ( /172/J 

OIJ.V). - - (IIL•A 
1J 1Ja"tY - «fly' 

r(PILV 1Jap«fl = - 2(\~~· 

1]apE!-LYJapt« = - 6«'1~, 

(! .5) 

(1.6) 

(I .7) 

where the tensor lit!,~::: is a generalized Kronecker symbol obeying the following 
rules: if f.t, v, a .. .. are all different and 'A, ~. y, ... are obtained from them by 
a certain permutation, then it is equal to ± 1 depending on whether the permutation 
ril~::: is even or odd; in the remaining cases it is zero. l\1ultiplying both sides of 

• - _1_ cx{loo 
R pav). - 2 1Jpaa{l R · · v). 

153 
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by __ -{ 11!-'•Po, we obtain, owing to relations (I.6) 

Contracting in the indices ~> and v, we obtain from this 

(I. B) 

l\l ultiplying (I.8) by YJI-L"I'Y, replacing A by ti and using (I.5), we have 

Consequently, in the Einstein spaces (3.7) 

(1.9) 

Rewriting (I.9) as 

and adding, we obtain 

(I.lO) 

We interchange the indices a and y, as well as ~ and {J, in (!.10): 

(I.ll) 

Comparing (I.lO) and (!.11), we see that relations (1.4) hold, which proves the theorem. 
In conformity with this theorem, it is customary to set the following in Einstein 

spaces: 

(I.12) 

Lemma . In spaces V4 the equations 

(1.13) 
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are equivalent to equations 

(I .14) 

Proof. Let there exist a vector la. in v. satisfying equations (1.13). Multiplying 
equations (I.13) by 1]1-'"fl•, we have, owing to relations (I.5), 

(I.l5) 

i.e., 1« satisfies equations (I.14) as well. 
Conversely, let there exist a vector 1« satisfying equations (I .14); we will show that 

it also satisfies equations (1.13). Performing the calculations of (I.l5) in reverse order, 
we obtain relations equivalent to the initial condition: 

Let us multiply these equations by 1JE«f3Y. Owing to the identities (1.7) we obtain 
the following result: 

whence 
l *R'"" = 0 

'1/ •• ).-r ' 

i.e., 1« satisfies condition (1.13), which proves the lemma. 
Note that in the formulation of the lemma it is essential that 1« be contracted with 

one of the first two indices of R«{lY&, in view of the inequivalence of the pairs ex~ 

and yl\, which follows from definition (I.l). In the case of Einstein spaces, on the 
other hand, owi.ng to Theorem 1 the index pairs are equivalent and the conditions 

la • Ra{ly& = 0 and la • RY&"!l = 0 become equivalent. 
Theorem 2. IntheEinsteinspaces *Tt (3.7)theequations 

(1.16) 

are equivalent to the equations 

l).Ra.iJy& + l«R{l).y& + lf!R).«y& = 0. (1.17) 

Proof. Let there exist a vector l" in * T1 satisfying equations (I.16); we will 
show that it satisfies equations (I.17) as well. Multiplying the initial equations 

z8 RPCl~;, = 0 by ~ 1Jj-LvpCl' we obtain 

(I.l8) 



156 GRAVITATIONAL WAVES IN EINSTEIN'S THEORY 

Owing to Theorem 1 the tensor • Rp.vr& is symmetric with respect to the index 
pairs 11v and y6, and it follows from (1.19) that 

(I.l9) 

But, according to the lemma, condition (1.19) is equivalent to condition (I.l7), which 
proves the first half of Theorem 2. 

Conversely, let a certain vector l" in * T; satisfy equations (1.17). According to 
the lemma, it satisfies equations !I.13); but, owing to Theorem 1, these equations 
are equivalent to the following: 

i.e., 

(1.20) 

illultiplying (1.20) by 11:~~; and using the identity (I.6), we obtain 

i.e., the vector la also satisfies equations (I.l6). Thus Theorem 2 is proved. 
Theorem 3. The following identity holds in the Einstein spaces (3.7): 

Proof: Differentiating cov ariantly the Bianchi identies 

(I .22) 

and multiplying the result by the tensor gP
0

, we obtain 

(I. 23) 

Next, applying the Ricci differential identities (see /9/J to the Riemann tensor 

(I.24) 

we express the second and third terms in (I. 23) in terms of R · 8~ ~. 0y and R" 
8
· · 0 . ~· , 

0:1 0 ' I 0:, Y•, vo 

respectively, as well as terms quadratic in the Riemann tensor (and not containing 

derivatives of Ra:1Y8 ). Allowing further for the identity 

(1.25) 
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which follows from the Bianchi identities (1.22), we see that in the Einstein 
spaces (3.7) 

R~~-;·;a = 0. (1.26) 

Using relations (I .26), we cancel terms of the form ar and R~~~-; 08 in the 
equalities obtained and arrive at relations (1.21). Theorem 3 has been proved. 

Appendix II 

\Ve will give the wave equations (12.34)- (12.36) in expanded form for the 
chronometrically invariant components xii, yi'ik and ziikl of the Riemann tensor. 
To this end let us use the Zel'manov generally covariant definition of gravitational 
waves: 

(II.1) 

The system of twenty equations (II.1) is obviously equivalent to the following 
three systems of equations, the first consisting of six equations, the second of eight 
and the third of six again: 

We will write each of the three systems in chronometrically invariant form. 

(II.2) 

(II.3) 

(II.4) 

To do this we will use definitions (12.13) as well as the formulas for chronometrically 
invariant and spatially-covariant differentiation (see Ch.ll). 

Describing equations (II .2) term by term and expressing each term in terms of the 
corresponding chronometric invariants, we obtain the following equations: 

(*v~- *o*o) Xii + 2 (*Vn- F n) [Y~ii) (D11m + Anm)] -

- [Fn*vnxii +D*oXij + (D~ + A~.)*oXni +(~ + A~.)*oXni] + 

+ (*8 +D) [2F"Y~Sifl- Xni (D~ +A~.)- Xnj (D~ +A~.)] + 
+ 2 (Dnm + Anm)*vnY~~i} + 2F n [*oyn(ij)- ym(ii) (D~ +A~~)]+ 

+ 2F [(fli +A ·i) (Y'jm + y·mj) + (nj + /l'j) (y·mi + y·im)] _ n m m· n·· n.. m m· noo noo 

-- znr_;: [X'd (D!n +/I~.)+ x'd (U~ +.I~.)]-
_')X11m(JJi --1-A'i)(JJj LA:j)+2Xij(D ])kl_j- A Akl_F Fl)+ 

~ n • n· m ' m• kl kl l 

- 1 • 2F <ixi)n _L 2Z"(i)) [Fn Fm- (lJln + A 1
") (lJm '-A ·m)] = 0. (II.5) 

' n ' mn·· · I 1 I· 
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Here, Fi, D;,j, A;; are the vector of gravitational-inertial force, the deformation 
velocity tensor and the tensor of angular velocity of rotation of the three -dimensional 
space of the given reference system .1': with respect to a locally co-moving geodesic 
system ~ 0 /205/ (these quantities were introduced in Chapter 12). Despite the 
unwieldy aspect of these equations, each of the terms that enter into them has a fairly 
clear physical interpretation. The first term evidently represents the result of the 
action of the wave operator (12.21) on a chronometrically invariant wave function. 
Let us look at the physical meaning of other chronometrically invariant operators in 
equations (II.5). Thus the relativistic operator 

contracted with a certain chronometrically invariant three-dimensional vector ti, 

expresses the "physical divergence" of the vector ti, the difference between it and 
the mathematical divergence *V' ;ti being due to the fact that at different points of 
the boundary of an element of three-dimensional volume, the value dT of the 
chronometrically invariant time interval 

varies for the same value of dt. The relativistic operator of "physical differentiation" 
with respect to the time *o + D differs from the mathematical (chronometrically 
invariant) operator of differentiation with respect of the time *a in that it allows for 
deformation with time of the spatial coordinate network in which the function to be 
differentiated is specified. 

Analogously, expressing equations (II.3) in chronometrically invariant form, we 
obtain the wave equations for the chronometrically invariant tensor yiik: 

bmn• * - *o*o) yiik ' (*8 +D) [Ymik (Di +A .j ) -( Vm Vn. T m m· 

~ yiim , ok + A ·h") ~ ymil> (Di +A ·i ) + (ZF[i X ilk_ Fnz•iik )] _ 
\ m m. m m· n··· 

~ (*'"' _ F ) [Xik (Unj + A"j) _ xil< (Dni +Ani)+ 
Vn n 

-1- z~:~. (Dnm + Anm)] +[(A;:.- D~)(*\?n- F n) zmlik + 
+ (!Jni + Ani)*v xik _ (Dnj +Ani)*\? Xik] _ [Fn .. ,.., y ik + 

n n vn 

+ D*oYiik + (D~ + A~i.)* oYnjk - (D~ + A;!_)*oYnfk + 
+ (D~ + A~~)*oYiin + (2F[i•axiJk + Fn*az~i!~.)J + 

+ F,JZF[iyj]nk + pkyiin + (JJ"i + Ani) xi·~_ (Dnj +Ani) Xik + 
+ 2 [2Y"k[; pil + Znm ik (IYm + A;,{.)- zmnik (D:n + A;,!.)+ 

+ zmiin (D! +A~.)]}+ 2 {2F[iXjJ (D~-\- A~~)+ 

+ Xnk [Fi (D~ + .J~i.)- Fi (D~ + A~i.)]} + 
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+ 2 {Dmn [Ymki(Dni+ Ani)_ ymki(Dnj+ Ani)_ yfim(Dnk +Ank)]+ 

-1 2Amn [ym(ik) (Dnj +An})- ym<ik) (Dni + A"i)] + 

+ ymnk (D; +A~'.) (D~ + A~.) + (D~ + A~~) [Ymin (JYm +A~.)-

- ymjn (D~ + A~.)]}+ 
+Yiik(D Dnm+A Anm_p Pn)=O 

n1n nm n • (II.6) 

Lastly, equations (II.4) yield the following system of chronometrically invariant 
wave equations for the tensor ikiil: ' 

(bmn*vm*Vn- *o*o) zkiil+ (*8 +D) [2Yiifh:piJ + 2Ykl[ipil+ 

+ (D~ + A~.) z"i k- (D! + A~~) zni I+ (D~ + Aj,) zknil -

- (D~ +A~~) zlinjl] -

- (*Vn- P n) [(Dnk + Anh:) y<il + (Dn' +Ani) yklj-

_ (Dnl t- Ani) yiik _ (Dni + A"i) yklij + 
+ (Dnl +·A "I) *v yijk _ (Dnir + Ank) * yi 1 + 

n Vn 

+ (Dni + Ani) *v ykll _ (D"' + Ani)*£, ykli __ _ 
n "n 

-- I F"*vnzkijl + lJ*oZki I+ Fk*iJYiJI -

- Fl*oYiik + Pi*oY~ lj- Fj*oYkli + 
+ (Dk + A ·k) *oZni I- (DI + A ·I) *oZnijk + (Di +A ·i) *oZknil-

n n· n n· n n· 

-(D~+Aj.)*oZknilJ + 
+ 4 [PipLh:xlli +pi pllxkJiJ + Fn [Yiji! (Dnl + A"l) _ 

_ yijl (Dnk + Ank) + 
+ ykli (Dnj +Ani) __ ykli (Dni +Ani)+ 

+ 2 (Znii[k piJ _ znkt[; pj)) I + 
+ 2 {(Dni + A"

1
) [Xkj (D~ + A~1.)- X

1J (D! +A~~)] + 
+ (Dnj +An) [Xki (D! +A~~)- Xki (D~ + A~l.)]} + 

+ 2 [(D~ + A~i.) (2yni[kpll + piykln) + 
+ (D~ + Aj.) (2Yni[lpkl _ ptykln) + 
+ (D~ +A~~) (2ynl[ipil + plyi n) + 
+ (D~ +A~.) (2ynk[i pil _ pkyiin)] + 

+ 2 {A ·n [zmiik (DI +A ·I)_ zmijl (Dk +A ·k) + zkmil (Di +A ·i) _ 
m· n n• n n· '.J n n· 

- zkmil (D~ +A~~)]+ (p~ +A~~) [Zmijn (D~ +A;,:,)+ 
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-\- znmil (D/n + A;j.)J- (D~ + Aj,) [ZkmHI (D:n +A;,!,)+ 

-t- zmnik (D~, +A~.)]+ (D:n +A;,!.) [Znmik (lJ~ --1- A~.)-

- znmjl (D; + A~~)]} = 0. (II. 7) 

The physical interpretation of equations (!!.6) and (II.7) is analogous to the above. 
Equations (II.5)- (II.7) constitute the complete system of chronometrically invariant 
equations describing gravitational-inertial waves in the specific frame of reference. 
Since these equations are none other than the generally covariant equations (II.l) 
written down in an arbitrary (fixed) frame of reference, it follows that they are 
satisfied for any empty space-time of Petrov type N (in the given frame of reference). 
Thus equations (II.5) - (II. 7) can serve as chronometrically invariant characteristic 
of type N gravitational fields in a vacuum. 
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